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IABSTRACT
THE CONSTRUCTION OF A LOGICAL-EMPIRICAL STRUCTURE 
OF KNOWLEDGE FOR DIFFERENTIAL CALCULUS USING A 
THEORETICAL FRAMEWORK BASED UPON LEARNING 
HIERARCHY THEORY AND ORDER THEORY
by
■ JAMES MARTIN DEVECCHI 
U n ive rs ity  o f  New Hampshire, May, 1980
The p r inc ipa l re s u l t  o f  th is  study is  a lo g ic a l ly  and empir­
ic a l ly  va l id  S tructure o f Knowledge fo r  D i f fe re n t ia l  Calculus constructed 
using a methodology based on Learning Hierarchy Theory (LHT) and Order 
Theory (OT). A review o f  ex is t ing  research in to  calculus learn ing is  
presented and properties o f  the s truc tu re  o f  knowledge which address 
defic iencies in  ex is t ing  knowledge discussed. LHT is developed and 
techniques fo r  the empirical va l id a t io n  and generation o f  hierarchies 
are discussed. Included in  th is  discussion is  a de ta iled  analysis o f 
the important properties o f  OT.
The generation o f  the s truc tu re  o f  knowledge consisted o f  two 
phases: the log ica l analysis and the log ica l-e m p ir ica l ana lys is . In
the log ica l ana lys is , an examination o f  textbooks yielded nine content 
u n its ,  each o f  which was defined by a set o f  exercises which pertained 
to i t .  A s truc tu re , ca lled  the Hierarchy o f  Levels o f  Equivalence 
Classes, was then imposed on each set o f  exercises by using Task 
Analysis, the P rerequ is ite  Relation and the Theory o f Equivalence
X 1
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Classes. This s truc tu re  implied the Hierarchy o f  Levels o f  S k i l l s  (HLS). 
The nine HLS formed the log ica l s truc tu re  o f  knowledge fo r  D if fe re n t ia l  
Calculus. The hierarchies o f  leve ls  produced are not h ierarchies in  the 
t ra d i t io n a l  sense, because there are no "arrows" connecting "boxes," but 
ra ther the prerequ is ite  re la t io n  is  defined by the assignment o f  exercises 
to le ve ls .  The log ica l s truc tures were analyzed em p ir ica l ly  using data 
co llected during adm in is tra tion  o f  a f i r s t  semester college calcu lus 
course. The empirical procedure was based on OT and employed the pre­
re q u is i te  re la t io n ,  the Theory o f  Equivalence Classes, and some ideas 
from the Theory o f  Directed Graphs. A Hierarchy o f  Levels o f  Represen­
ta t ive s  (HLR) was constructed fo r  each HLS. Each HLR implied a log ica l 
p rerequ is ite  matrix which, once t r a n s i t i v i t y  problems had been resolved, 
defined a p a r t ia l  order on the elements o f  the HLR. An OT analysis was 
performed on each log ica l p re requ is ite  m a tr ix . Tolerance leve ls  o f  .05 
and .10 were used. The OT analysis was used to p inpo in t places where the 
structures fa i le d  to meet minimum leve ls  o f  the theory-re levant properties: 
Task Dependency, Completeness, and Positive  Transfer. Logical prerequi­
s i te  matrices were va lida ted at the .05 leve l and tra ns fe r  ra t io s  set 
a t .6000. Unhypothesized re la t io n s  o f  d isconform ity  less than or equal 
to .10 also were inves tiga ted . Logical reanalysis was used to resolve 
the pinpointed empirical d i f f i c u l t i e s .  In order to resolve d i f f i c u l t i e s  
which were encountered in  the analysis o f calcu lus word problems, a 
theory o f  word problan so lv ing was developed and used to transform 
o r ig in a l sets o f  word problems in to  sets which permitted meaningful 
log ica l-em p ir ica l ana lys is .
X1 i
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In general, the log ica l analyses were supported; even though 
many unhypothesized re la t ionsh ips  were implied by the data. Transfer 
ra t ios  were high, re f le c t in g  the design of items and the sequence o f 
te s t in g .
An algorithm which answers many o f  Gagne's concerns about the 
spe c if ica t ion  o f  content was the major co n tr ibu t ion  o f  th is  research to 
LHT. Standard tolerance leve ls  o f  OT were found to  be inadequate to 
control fo r  d isconform ity consistent w ith the theory, and i t  was 
recommended tha t tolerance leve ls  be set more l i b e r a l l y  and th a t th e i r  
ro le  in  fu tu re  studies be expanded. The procedure developed also 
extends the tra d it io n a l OT analysis so tha t one hierarchy with lo g ic a l - 
empirical foundations is  u l t im a te ly  produced.
XI 11
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CHAPTER I 
THE RESEARCH PROBLEM 
Goals
The purpose o f  th is  study is to r igo rous ly  develop a conceptual 
understanding o f  student learning o f ( d i f f e r e n t ia l )  ca lcu lus, i . e . ,
"what i t  is  to know ca lcu lus ."  Furthermore, i t  is  believed th a t the 
proposed rigorous development can only be achieved w ith in  the framework 
o f an appropriate learning theory. The learning theory chosen was the 
Learning Hierarchy Theory (LHT) o f  Gagne (Gagne & Paradise, 1961;
Gagne, Mayor, Garstens & Paradise, 1962; Gagne, 1970) and i t s  very 
appealing empirical companion, the Order Theory (OT) o f  A irasian and 
Bart (1973, 1975). With th is  background in  mind, the goal o f  th is  study 
was to develop a conceptual understanding o f  student learning o f  calculus 
by constructing a "s truc tu re  or organized knowledge" (Gagne, 1970, 
p. 151) w ith in  the framework o f  appropria te ly  revised versions o f  LHT 
and OT. This is very consistent with Gagne's statement tha t
Learning Hierarchies are the best way to describe the 
s truc tu re  o f  any to p ic ,  course or d is c ip l in e .  They 
describe the in te l le c tu a l  s k i l l s  the ind iv idua l needs 
to possess in  order to perform in te l le c tu a l  operations 
w ith in  tha t subject—to learn about i t ,  to th in k  about 
i t ,  to solve problems in i t .  (1970, p. 225)
A careful determination o f  the major content units o f  calculus 
through the examination o f standard textbooks, consultation with experts, 
and analysis o f  past student performance; followed by a prelim inary
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d e f in i t io n  o f  each u n it  was performed. Once defined, each u n it  was lo g i ­
c a l ly  analyzed and a log ica l s tru c tu re  o f  knowledge produced. A su itab le  
modification o f  OT was developed and applied to the Logical Structure o f  
Knowledge, w ith  a Logical-Empirical Structure o f  Knowledge being produced. 
This Logical-Empirical Structure o f  Knowledge was produced in such a way 
as to allow log ica l-em p ir ica l reana lys is , producing a Log ica l-Em p ir ica l, 
Logical-Empirical Structure o f  Knowledge and so on (see Figure 1). This 
research thus allows the progression from the determination o f  content 
(the input o f  education) to an understanding o f  what is  (should be) in 
students' heads (the output o f  education).
Need
The fa c u l ty  and adm in is tra tion a t the U n ivers ity  o f  New Hampshire 
(UNH) have been concerned about student learning o f  calculus fo r  many 
years. Recently, many departments in  the College o f  Engineering and 
Physical Sciences have become qu ite  alarmed at the apparent general lack 
o f  student p ro fic iency  in  mathematics. I t  was f e l t  th a t  student high 
school mathematics preparation was inadequate and th a t the level o f 
student performance in  calculus was fa l l i n g .  Most f e l t  th a t there was a 
cause-effect re la t io n sh ip  between these phenomena but there was no real 
data to support these fee lings . A questionnaire was designed and 
circu la ted to u n ive rs it ie s  s im ila r  to UNH in an attempt to gain a 
broader understanding o f  the problem. Twenty-nine schools completed and 
returned the questionnaire. Twenty-four o f  twenty-nine schools indicated 
tha t there was a problem in student learning o f  calculus w ith  esse n tia l ly  
a l l  trac ing th is  problem back to the lack o f  "necessary" prerequ is ite
â
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; s k i l l s .  These prerequ is ite  s k i l l s  were vaguely described as Algebra^
:
Trigonometry, and Ana ly tic  Geometry. Eighteen o f twenty-nine ind icated
■
tha t they used a diagnostic or placement instrument, but there seemed to
;
be l i t t l e  evidence tha t a re l ia b le  and v a l id  instrument existed fo r  
calculus. Twenty-four o f twenty-nine ind icated th a t they offered reme­
dial mathematics programs. These programs e s s e n t ia l ly  seemed to  be the 
t ra d it io n a l high school Algebra I ,  Algebra I I ,  and Trigonometry courses 
offered a t the college level w ith  the granting o f c re d i t  varying from
N
in s t i tu t io n  to  in s t i t u t io n .  None offered evidence th a t th is  remedial 
work improved calculus learn ing .
Current research in to  calculus learn ing f a l l s  in to  three cate­
gories: I .  Comparison o f the e ffectiveness o f various modes o f in s tru c ­
t ion  fo r  a calculus top ic  (K lopfenste in , 1977), I I .  Design o f regression 
models fo r  pred ic tion  o f calculus success (Brash, 1973; Francis, 1966; 
Prouse & Turner, 1969; Sommers, 1973; Tusher, 1972), and I I I .  Study o f 
the e f fe c t  o f  various diagnostic/remediation schemes on calculus success 
(Hunt, 1976). Research in  category I has been inconclusive. One reason 
fo r  th is  could be the lack o f  appropriate contro l in  experimental design. 
Research in  category I I  is  in te re s t in g ;  i t  c e r ta in ly  has value in 
admissions' decisions and, when i t  employs information already 
contained in  student f i l e s ,  is  qu ite  economical. Category I I  
research also allows the study o f  past as well as present students.
This research does not, however, address the important issues o f calculus 
learning. Even though category I I I  research is  d i re c t ly  concerned w ith 
calculus lea rn ing , i t  has been d isappointing. Attempts to diagnose and 
remediate de fic ienc ies in  precalculus s k i l l s  almost always produce the 
achievement o f the id e n t i f ie d  s k i l l s ,  but produce no s ig n i f ic a n t  d iffe rence
i
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in calculus achievement when compared with a control group. This fa i lu re
pi to produce s ig n i f ic a n t  resu lts  could be due to in e f fe c t iv e  diagnostic and
■
remediation materia ls  or to a lack o f  appropriate contro l in experimental 
design. Student a t t i tu d e  towards remediation also has been a problem.
One reason fo r  th is  could be the fa c t  th a t students f a i l  to see a 
necessary and s u f f ic ie n t  re la t io n sh ip  between the remedial work with 
which they are c u r re n t ly  confronted and the u lt im ate goals o f  ca lcu lus.
Many o f  the various new curriculum development schemes such as 
Computer Assisted In s tru c t io n  (CAI) (Peluso & Bavanchick, 1977), 
Personalized System o f In s tru c t io n  (PSI) (K lopfenstein, 1977), the 
Keller Plan (K e l le r  & Sherman, 1974), and Mastery Learning (Block, 1971) 
are being applied to  ca lcu lus . Each o f  these schemes, however, concen­
trates more on the organization and management o f  content than on the 
analysis o f content. Strategies fo r  curriculum development have also 
received considerable a t te n t io n . Taba (1962), fo r  example, considers 
curriculum development to include: ( 1 ) the determination o f  educational
needs, (2) the formulation o f ob jec t ives , (3) the se lection  o f  content,
(4) the organization o f content, (5) the selection o f  learn ing experiences, 
( 6 ) the organization o f  learning experiences, and (7) the determination 
o f va lid  methods o f evaluating what has been taught. A view o f  calculus 
w ith in  the framework o f th is  d e f in i t io n  o f  curriculum development; 
especially w ith respect to (4) ,  ( 6 ) ,  and (7) ;  suggests many questions. 
Standard textbooks tend to organize content in a way which has remained 
f a i r l y  constant over the past several years. Can th is  organization be 
improved upon? Can the organization o f calculus content be studied in 
a scho larly , rigorous way? What w i l l  th is  imply about the organization
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of learning experiences? Can content be organized in such a way tha t 
va lid  evaluation instruments are natural c o ro l la r ie s  o f  the organization? 
To achieve the kind o f  understanding o f calculus content necessary to 
answer questions l i k e  these, i t  would be he lpfu l i f  calculus content were 
exhibited in  such a way as to  meet Gagne's desire tha t content be defined 
as "descrip tions o f the expected c a p a b i l i t ie s  o f  students in specified 
domains o f  human a c t iv i t y "  (1967, p. 21). In o ther words, i t  should be 
described in  terms o f  what the student is  expected to do. One way to 
describe content might be to specify  i t  as a set o f  exercises from a 
p a r t icu la r  calculus textbook. This descrip tion o f  content covers every­
thing but is too disorganized and unwieldy. How can th is  descrip tion be 
organized? Content also must include the necessary prerequis ites fo r  
learn ing ; fo r  without these, l i t t l e  learning can take place. How can 
prerequis ite  s k i l l s  be id e n t i f ie d ?  How can they be included to yield.
i
a complete, organized descrip tion  o f  content? Can content be described 
in such a way as to allow empirical tes t ing  o f  i t s  very description?
Many o f the Mastery Learning models presently  being used as 
formats fo r  calculus in s tru c t io n  also have had problems (S te r re t t ,  1975). 
The almost absolute achievement leve ls imposed by such models must depend 
upon evidence tha t the s k i l l s  on which mastery is  required are indeed 
the ones which are necessary and s u f f ic ie n t  fo r  the goals o f  in s tru c t io n .  
This kind o f evidence is not ava ilab le  fo r  ca lcu lus . The existence o f  
va lid  instruments fo r  formative evaluation, which are so cruc ia l to 
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IFurthermore, ex is ting  knowledge o f  LHT and OT was inadequateWor 
the proposed extensive app lica t ion . Gagne (1967) ind icated the need fo r  
more research which is  concerned w ith  the study o f  extended sequences o f 
content. LHT and OT have been, fo r  the most pa rt,  applied to s ing le  
units or short sequences o f curriculum. Many methodological problems o f  
the proposed extended app lica tion  had to be solved, w ith  the a n t ic ip a t io n  
and solu tion o f these problems producing valuable improvements in  and 
extensions o f  an already extremely popular learning theory.
In summary, both our survey and the l i t e r a tu r e  s trong ly  indicated 
that the ex is ting  knowledge o f calculus learning was d e f ic ie n t .  The 
documented id e n t i f ic a t io n  o f  p re requ is ite  s k i l l s ,  the lack o f  va l id  
d iagnos tic /p rescr ip t ive  and placement instruments, and the lack o f 
log ica l control o f content in  experimental design are the p r in c ip le  
de fic ienc ies. Also, the most recent applications o f LHT and OT have 
been very l im ite d  w ith regard to th e i r  p ractica l value. These applica­
t ions have been re s tr ic te d  to very short sequences o f  curriculum and th e i r  
in ten t has been more to exh ib it  properties o f the theory than to study the 
logical s truc ture  o f  an extended curriculum . Thus from the point o f  view 
of calculus learn ing , LHT, and OT; a s ig n i f ic a n t  study whose in te n t is  to 
investigate an extended piece o f  curriculum . D if fe re n t ia l  Calculus, using 
a su itab ly  modified version o f LHT and OT was warranted.
Uses o f ^  S tructure o f Knowl edge fo r  Calculus
This research produced a lo g ica l s truc ture  o f knowledge fo r  
(D i f fe re n t ia l )  ca lcu lus. The lo g ic  used was based on the experience
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o f experts—calcul us teachers, textbook w r i te rs ,  and curriculum develop­
ers; the s truc ture  o f  the most popular textbooks on the market today; and 
the theore tica l properties o f LHT. Each o f these log ica l s tructures was 
associated w ith a log ica l Learning Hierarchy by a procedure which is  d is -  
cussed in Chapter I I I .  The log ica l Learning Hierarchy was then em p ir ica lly  
analyzed and the resu lts  o f  th is  empirical analysis were used to  study the 
log ica l s truc tu re . The fo llow ing s i tu a t io n s  are important: (1) log ica l
re la tionsh ips which are not em p ir ica l ly  supported, (2) empirical re la t io n ­
ships which were not lo g ic a l ly  hypothesized, (3) points where the lo g ic a l-  
empirical hierarchy is not complete; i . e . ,  points where the tra n s fe r  from 
prerequis ite  to superordinate is low. Keeping in mind the fa c t  tha t the 
log ica l s tructure  is very much a re f le c t io n  o f  the current conception o f 
calculus content, s i tu a t io n  (1) t e l l s  us where the experts are em p ir ica l ly  
wrong. Even though previous research shows th a t log ica l h ierarch ies are, 
to a great extent, e m p ir ica l ly  supported by Order Theory (A iras ian and 
Bart, 1975), there is  almost always a small percentage o f exceptions. I t  
was antic ipated tha t the empirical analysis would produce a substantia l 
number (a small percentage o f a very large number o f hypothesized re la ­
tionships) o f empirical exceptions to the log ica l s tru c tu re . The d is ­
covery and analysis o f  these exceptions are o f great importance and the 
•implications o f  these analyses o f  great in te re s t  to  calculus curriculum 
developers.
Instances o f  s i tu a t io n  (2) are also o f great in te re s t  to calculus 
curriculum developers. A irasian and Bart (1975) indicated th a t  em piri­
c a l ly  derived h ierarchies tend to be considerably more complex than 
lo g ic a l ly  derived h ie ra rch ies , i . e . ,  many new (unhypothesized) re la t io n ­
ships are revealed. The discovery and analysis o f  these new re la t ion s
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could suggest s ig n if ic a n t  reorganization o f  the calculus curriculum.
S itua t ion  (3) is  p o te n t ia l ly  o f greatest in te re s t .  People in 
calculus curriculum development have been qu ite  in terested in the pre­
requ is ite  re la t io n .  Their in te re s t  in  th is  re la t io n ,  fo r  the most part, 
has been one sided since the converse o f th is  re la t io n  is  often ignored.
The log ica l analysis w i l l  produce s k i l l s  which are necessary fo r  a given 
s k i l l .  Once these necessary s k i l l s  are id e n t i f ie d  the question o f  th e ir  
su ff ic iency  must be answered. S itua tions where large percentages o f 
ind iv iduals  have mastered a l l  p rerequis ites to a s k i l l  but not the s k i l l  
i t s e l f  were iso la ted . I t  is believed tha t these points o f  low trans fe r 
are p r im a r i ly  due to missing s k i l l s .  These missing s k i l l s  are o f  two 
types: content and in te g ra t io n , where in teg ra tion  means the a b i l i t y  to
piece together ex is ting  s k i l l s  to form new s k i l l s  (Gagne e t a l ,  1962).
The discovery o f  these missing sk il ls --necessa ry  s k i l l s  tha t are not 
possessed by the students and are not contained in the curriculum— is 
also o f p o te n t ia l ly  great import.
Gagne (1967) defines curriculum as "a sequence o f  content un its  
arranged in such a way tha t the learn ing o f  each u n it  may be accomplished 
as a sing le act provided tha t c a p a b i l i t ie s  described by specified p r io r  
units ( in  the sequence) have already been mastered by the learner" (p. 23). 
In l ig h t  o f  previous discussion and w ith in  the framework o f  th is  d e f in i t io n ,  
a h ie rarch ica l model is indispensable fo r  curriculum development. Several 
applications o f  h ierarch ica l models to curriculum development are c ited 
by Gagne (1967). This model also applies to control in  experimental 
design. Gagne (1967) states tha t when comparing various modes o f in s tru c ­
t ion  and in s tru c t io n a l s tra teg ies there is  a need to contro l fo r  both 
content and ind iv idua l learner d if fe rences. The proposed h ie rarch ica l
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model fo r  calculus provides a so lu tion  fo r  these methodological problems. 
Ins truc t ion  could be sequenced based upon the established hierarchy and 
students could be paired as to th e i r  standing with respect to the h ie r -  
arcliy, i . e . ,  with respect to th e i r  possession o f  the basic a b i l i t i e s  
l is te d  in the hierarchy. With th is  c o n tro l,  the study o f  extended lea rn ­
ing over a substantial pa rt o f  the calculus curriculum is f a c i l i t a te d .
The proposed model can also be used to derive extensive l i s t s  o f  
the s k i l l s  which are prerequ is ite  to ca lcu lus. The important po in t is 
tha t these l i s t s  o f prerequis ites are lo g ic a l ly  and e m p ir ica l ly  re la ted 
to the model o f student learning o f ca lcu lus. Some o f  these s k i l l s  w i l l  
prevade the en tire  model, whereas others are temporary s k i l l s ,  i . e . ,  
s k i l l s  which appear, serve th e i r  purpose, and then drop ou t. Gagne and 
Bassler (1963) ca l l  these s k i l l s  b r ie f  re ca ll  items. The knowledge o f 
prerequis ite  s k i l l s  in general and th e i r  timing re la t iv e  to our model is 
p o te n t ia l ly  qu ite  valuable. C erta in ly  th is  knowledge o ffe rs  an a lte rn a ­
t ive  to the scheme o f removing p re requ is ite  s k i l l s  from the mainstream 
of calculus and teaching them in is o la t io n ,  an approach which has been 
in e ffe c t ive  in in fluencing calculus achievement (Hunt, 1976).
In one s ty le  o f  formative evaluation, students are provided with 
spec if ic  information about what they have learned and what they have ye t 
to learn a t various stages o f  in s tru c t io n .  People in  curriculum develop­
ment feel tha t a re l ia b le ,  v a l id  formative instrument is c ruc ia l to the 
success o f  any mathematics curricu lum . Our model applies here; as A i r -  
asian (1971) sta tes, "The prime function  o f  h ierarchies is  to  provide a 
b luepr in t fo r  the evaluation instrument" (p. 83).  By basing the forma­
t iv e  evaluation on a hierarchy, students can be provided with exact
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information as to what they have and have not learned. The exact pattern 
o f a student's progress can be i l lu s t ra te d  g raph ica l ly ;  fo r  example, one 
pattern is  shown in Figure 2. This a b i l i t y  to p lo t  the course o f  under­
standing is  indeed the key. With th is  graphic and log ica l i l l u s t r a t io n  
o f an ind iv idual lea rn e r 's  understanding o f  a p a r t ic u la r  content area, 
the student and teacher w i l l  l i t e r a l l y  be able to see where the student's 
strengths l i e  and where his understanding breaks down. Also by viewing 
th is  model o f the progress o f  the student's  understanding, the teacher 
and student have in formation with which to design stra teg ies fo r  sequenc­
ing the learning o f  unmastered m a te r ia l.  C o lla t ion  o f information 
obtained in th is  manner across an e n t ire  class w i l l  y ie ld  information on 
the progress o f  understanding o f a large group o f  students, once again 
providing a mechanism fo r  re f in in g  the content and sequence o f  the 
calculus h ierarchy.
This model also can be used as a placement instrument. Since i t  
provides us with a lo g ica l re la t ion sh ip  between p rerequ is ite  s k i l l s  and 
course m ateria l, p a r t ic u la r  patterns o f  p re requ is ite  s k i l l  possession 
re la t ive  to a p a r t ic u la r  item can be analyzed. Within th is  framework, 
a student can be tested and his pattern o f possession or nonpossession 
o f prerequis ite  s k i l l s  compared with patterns o f  past students. This 
information can be used to estimate the p ro b a b i l i ty  o f th is  student being 
successful in calculus as well as ind ica ting  the level o f precalculus 
mathematics in to  which he should be placed.
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Figure 2. An example of a pattern of attain­
ment of items in a hierarchy for an individual learner.
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CHAPTER I I  
THE THEORETICAL FRAMEWORK 
Learning Hierarchy Theory
The fundamental ideas of Learning Hierarchy Theory were developed 
by Robert Gagne as a re s u l t  o f his in te re s t  in programmed in s t ru c t io n .  In 
an early  study, Gagne and Paradise (1961) examined the nature o f  learning 
th a t transpired during the course o f a lea rn ing program. This type o f  
learning was termed "productive learn ing" as opposed to "reproductive 
learning" which takes place during a verbal learn ing experiment. The 
d is t in c t io n  between the two being tha t in  reproductive learn ing perform­
ance is measured by tes t in g  on a p a r t ic u la r  task tha t was practiced during 
learning whereas in productive learning performance on an e n t ire  class o f  
tasks is  measured by means of one or a  few representatives o f th is  c l ass . 
For example, i t  may be decided tha t the class o f  tasks which defines 
solving l in e a r equations o f  the form ax + b = c where a, b, c are 
real numbers may be measured by considering three representative tasks: 
solve 3x - 2 = 7 fo r  x , solve (2/3)x + ^  = 5 fo r  x, and solve 
5x + 2 = -7 fo r  X .
Individual d ifferences were very prevalent in productive learning 
s itua tions  and ra te  o f  completion o f  a learn ing program was o f  p a r t ic u la r  
in te re s t .  Attempts to account fo r  these ind iv idua l d ifferences by means 
o f  general a b i l i t y  factors were psycholog ically  appealing but not conclu­
s ive . As an a lte rn a t ive  to the hypothesis th a t ind iv idua l d ifferences 
were a re s u lt  o f general a b i l i t y  fac to rs , Gagne and Paradise (1961) 
suggested tha t ind iv idua ls  begin learning w ith varying amounts o f
1 3
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17 relevant and ir re le va n t previous knowledge. Each piece o f knowledge re le ­
vant to a f in a l  task o f a learning program is  ca lled  a "learn ing s e t , "  and 
the set o f  a l l  such knowledges fo r  a p a r t ic u la r  task, when arranged in a 
very special way, form a hierarchy o f  learn ing sets or a learning set 
hierarchy. Therefore, according to the theftry, in  order fo r  the learning 
of a f in a l  task to take place one must be able to in tegra te  these sets in 
a way tha t leads to mastery o f  the f in a l  task. Gagne and Paradise thus 
considered the learning o f a high level task " to  be a matter o f  successive 
attainment and in teg ra tion  o f  a series o f  lower level learn ing sets , 
beginning with those which are already ava ilab le  to the in d iv id u a l"  (1961, 
p. 2). They considered the fa i lu re  to learn a f in a l  task to  be a re s u l t  
o f one or more o f the fo l lo w in g : the omission o f  a re levant learn ing set
from the learning program, the fa i lu re  to master a re levant learning set 
in the learning program, or the fa i lu re  to in tegra te  mastered learn ing 
sets in to  the so lu tion o f  the f in a l  task.
In order to construct a hierarchy o f  learn ing sets fo r  a f in a l  
task, Gagne and Paradise defined a procedure, which was la te r  termed Task 
Analysis, as fo llows. Once the f in a l task is determined, the fo llow ing  
question is  asked; "What would an ind iv idua l have to know in order to 
achieve successful performance on th is  (class o f)  task (s ) ,  assuming he 
were given only ins truc t ion s" (1961, p. 4 ). This analysis y ie ld s  a c o l ­
lec t io n  o f  learning sets which are considered subordinate (or p re requ is ite ) 
to the f in a l  task. For example the analysis o f  the f in a l  task "solv ing 
equations" yielded three subordinate tasks (1961, p. 20): (1) "S im p li fy ­
ing an equation by adding and subtracting terms to both s ides." (2) "Simpli­
fy ing an equation by m u lt ip ly in g , d iv id in g , adding, and sub tracting a r i t h -
.
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li
metic numbers." (3) "S im plify ing  an equation by m u lt ip ly in g  and d iv id in g
I- both sides by terms." The procedure is then repeated on each subordinate 
task, producing a set o f  subordinates to these subordinates. The analysis
I; I
I is continued u n t i l  tasks are reached which can be assumed present in the
given student population. (These tasks are la te r  re ferred to as Entry 
Behaviors.) Figure 3 displays the learning set hierarchy derived by th is  
analysis. With regard to the learn ing sets on the lower most level o f  
th is  hierarchy Number re fers to  the a b i l i t y  to add, sub tract, m u lt ip ly  
and d iv ide one and two place numbers ; Symbol Recognition is a va r ie ty  o f  
Associative Memory and In tegra tion  I is the a b i l i t y  to "hold in mind" a 
sequence o f  in s tru c t io n s . He f e l t  th a t these tasks could be assumed fo r  
his sample population o f seventh grade mathematics students.
Questions designed to measure each learning set in the learning 
set hierarchy were designed and administered to a sample o f  118 students.
A pass (+) or f a i l  ( - )  score was assigned to each item fo r  each student. 
This data was used to study the fo l low ing  theore tica l p red ic tions :
(1) There should be a high incidence o f  pos it ive  t ra n s fe r ,  i . e . ,  success 
on the superordinate implying success on the p re requ is ite . (2) Relevant 
basic a b i l i t i e s  should co rre la te  to a decreasing degree w ith rate o f 
learning set achievement as one progresses through the hierarchy.
(3) The corre la t ions  o f measures o f  general in te l l ig e n c e  with ra te  o f 
learning o f  learning sets should remain constant as one progresses through 
the hierarchy. (4) The co rre la t io n  o f  basic a b i l i t i e s  w ith achievement o f  
relevant learn ing sets should show an increasing pattern to the extent 
tha t the learn ing program was in e f fe c t iv e .  These pred ictions were, in 
general, supported in  his study.
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In another study Gagne et a l .  (1962) constructed and tested a 
learning set hierarchy fo r  the f in a l  tasks: (1) "S ta t ing , using speci­
f i c  numbers, the series o f steps necessary to formulate a d e f in i t io n  o f  
add it ion  o f  in tegers , using whatever properties are needed, assuming 
those not previously estab lished," and (2) "Adding in tegers" (p. 4 ) .
In th is  study, the ideas which eventually  became LHT were c la r i f ie d .
The theory consists o f  the fo llow ing  two hypotheses: (1) Mastery o f  a l l
re levant lower (p re requ is ite ) learn ing sets should imply the mastery o f 
higher learning sets (Pos it ive  Transfer) and (2) Fa ilu re to master a 
re levant lower learn ing set should imply fa i lu re  to master the higher 
learning set (Task Dependency, the converse o f  Positive  T ransfe r). 
(Hypotheses (1) and (2) are more p rec ise ly  stated la te r  in  th is  sec tion .) 
The purpose o f  the study was to te s t  these theore tica l p red ic tions as well 
as the e ffec ts  o f  ce r ta in  "theory-re levant" variables such as re p e t i t io n  
and guidance. High re p e t i t io n  meant th a t the number o f  problems to be
completed fo r  each set was increased four or f iv e  times whereas high
guidance included sp e c if ic  ins truc t ion s  as to  how re levant lower level 
learning sets could be " in tegra ted" to promote mastery o f  a higher level 
learning se t.
With regard to (2) above, Gagne et a l .  observed th a t with very 
few exceptions an ind iv idua l would get learning sets correc t up to a 
ce rta in  po in t in  the hierarchy above which a l l  learn ing sets would be 
answered in c o r re c t ly .  They conclude th a t  "the measure o f  number o f
learning sets achieved is p ra c t ic a l ly  the same as the measure, highest
learning set achieved" (p. 11). Ratios which Gagne devised to measure 
Positive Transfer and Task Dependency above are discussed la te r  in  th is  
chapter.
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In Conditions o f  Learning, Gagne (1970) summarized what has 
become known as his Theory o f  Learning H ie ra rch ies. He claimed th a t  fo r  
ce r ta in  in te l le c tu a l  s k i l l s  (mathematics included) the task ana lys is  
procedure described above w i l l  generate a Learning Hierarchy, w ith  each 
subordinate task describ ing a s ing le  s k i l l  to  be learned. He stated 
th a t  the Learning Hierarchy describes "what the learner is  ab le to  do 
when lea rn ing  has been accomplished" (p . 238). He continued to  say tha t 
a Learning Hierarchy " id e n t i f ie s  a set o f  in te l le c tu a l  s k i l l s  th a t  are 
ordered in  a manner in d ic a t in g  substan tia l amounts o f  p o s it iv e  t ra n s fe r  
from those s k i l l s  in  a lower pos it ion  to  connected ones o f  a higher 
p o s it io n "  (p . 239). Thus, (a) the lea rn ing  o f  the lower leve l s k i l l s  
w i l l  f a c i l i t a t e  the lea rn ing  o f  the higher leve l s k i l l ,  where as (b) 
the fa i lu r e  to learn the lower leve l s k i l l  should imply fa i lu r e  to  learn 
the re levan t higher leve l s k i l l .
A Learning Hierarchy is  considered to  be v a l id  to the extent 
th a t i t s  elements w ith  the order imposed on them by task ana lys is  
s a t is fy  hypotheses (a) and (b) above. In the present study, hypothesis
(a) is  re fe rred  to as "P o s it iv e  Transfer" and hypothesis (b) as "Task 
Dependency." The idea o f  "v a l id a t in g "  a hypothesized" or " lo g ic a l "  
Learning Hierarchy has received considerable a t te n t io n  in  the l i t e r a tu r e  
and the existence o f  an appropria te empirical framework w ith in  which 
hypothesized and unhypothesized h ie ra rch ica l re la t ion sh ips  can be 
e m p ir ic a l ly  analyzed is  the cornerstone o f  the present study. The 
remainder o f  th is  chapter consists o f  a review o f  empirical techniques 
used in  Learning Hierarchy Theory followed by an extensive 
discussion o f  Order Theory which is  the basis fo r  much o f  the 
empirical framework o f  the present research.
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As described above, Gagne and Paradise (1961) designed a learn ing 
program to teach each learning set in  a hierarchy fo r  so lv ing  l in e a r  
equations. Performance tes ts  were administered a f te r  the lea rn ing  pro­
gram was completed. Four possible re la t io n s  fo r  passing and f a i l i n g  
lower-higher lea rn ing  set combinations were id e n t i f ie d .  These re la t io n ­
ships were defined as fo l low s ; ( 1 ,1 ) :  Passed a l l  p re re q u is i te  lower
s k i l l s  and passed the higher s k i l l ,  ( 0 ,1 ) :  Failed a t  le a s t  one prerequi­
s i t e  lower and passed the higher s k i l l ,  (1 ,0 ) ;  Passed a l l  p re requ is ite  
lower and fa i le d  the higher s k i l l ,  and (0 ,0 ) :  Failed a t  le a s t  one pre­
re q u is i te  lower and fa i le d  the higher s k i l l .  Relationships (1 ,1 ) ,  (1 ,0 ) ,  
and (0 ,0) are cons is ten t w ith the hypothesis o f  Task Dependency even 
though high occurrence o f  (1 ,0) jeopardizes Pos it ive  T rans fe r. Relation­
ship (0 ,1) is  T i t  cons is ten t w ith the theory . For each proposed h ie r ­
a rch ica l re la t io n s h ip ,  a ra t io  was de fined :
Proportion o f  P os it ive  Transfer (PPT) = f ( i [ | j + f ^ o [ o ) + f i o , l T
where f ( i , j )  is  the number o f  students whose response patterns f i t  
in to  the ( i , j ) ^ * ^  category. A re la t io n s h ip  was judged to be h ie rarch ica l 
to  the extent th a t th is  ra t io  was c lose to 1.00. This r a t io  was between 
.91 and 1.00 in  a l l  cases. Values ranging from .25 to .50 would have 
been expected by chance. The h ie rarchy was thus considered v a l id .
I t  must be noted th a t  since on ly one p a s s / fa i l  item was used to measure 
each learning se t, the u n r e l ia b i l i t y  o f  the measuring instrument may have 
caused the PPT to dev ia te  from the hypothesized 1.00.
In another study, which is  a lso described above, Gagne et a l .  
(1962) designed a lea rn ing  program to  teach each lea rn ing  set in  a
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hierarchy fo r  adding in tegers . Performance tes ts  were designed to measure 
the mastery o f  each lea rn ing  se t. The procedure was qu ite  s im i la r  to 
th a t  used in  his i n i t i a l  study w ith  the PPT ranging from .97 to 1.00.
In an attempt to measure Pos it ive  T ransfe r, Gagne et a l . claimed th a t 
"each learn ing set mediates p o s it iv e  t ra n s fe r  from a lea rn ing  set lower 
than i t  to a learn ing set higher than i t "  (p . 8 ) .  For example, in  order 
to  examine the extent to which lea rn ing  set B "mediates" P os it ive  
Transfer from learn ing set A to lea rn ing  set C, they examined s itu a t io n s  
where A was p re re qu is ite  to B which was p re re q u is ite  to C. They then 
compared the ra t io  [(passed A, B, and C)/passed (A and B)] to the ra t io  
[(passed A, fa i le d  B, and passed C)/(passed A and fa i le d  B ) ] .  The f i r s t  
r a t io  averaged .70 while  the second averaged .16. These averages were 
s ig n i f ic a n t ly  d i f fe re n t  a t the .001 le v e l .
Walbesser (1966, 1968) was in te res ted  in  applying Gagne's 
Learning Hierarchy Theory to science and mathematics curriculum develop­
ment. He developed a set o f  numerical techniques to te s t  a hypothesized 
h ie rarchy. Using the same d e f in i t io n  o f  ordered pa irs devised by Gagne; 
Walbesser defined three ra t io s :
(1) Consistency Ratio: This r a t io  is  a measure o f  Task Dependency.
I t  measures the extent to which mastery o f  a superordinate 
implies mastery o f  a l l  subordinates.
Consistency Ratio = f(^i j  j + f j o , ! '
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(2) Adequacy Ratio : This is  a measure o f  P os it ive  T ransfe r. I t  
measures the extent to which the a c q u is i t io n  o f  a l l  subordi­
nate behaviors implies the a c q u is i t io n  o f  the superordinate 
behavior.
Adequacy Ratio =
(3) Completeness Ratio : Consistency and Adequacy ra t io s  may be
a r t i f i c i a l l y  high due to an extremely high frequency o f  
(0 ,0) response pa tterns. This r a t io  measures the extent
to which ( 0 , 0 ) response patterns are not p reva lent.
Completeness Ratio =
The ra t io s  (1) to (3) are computed fo r  each hypothesized re la t io n s h ip  in  
the  h ierarchy. A h ierarchy was considered v a l id  when the Adequacy, 
Completeness, and Consistency ra t io s  were a l l  a t  le a s t  .85. Various 
o ther in te rp re ta t io n s  o f  these ra t io s  are given by Eisenberg and 
Walbesser (1971).
H ierarchica l sequences based on item d i f f i c u l t y  also have been 
used (Gagne, 1967; Kane, McDaniel & P h i l l i p s ,  1971; P h i l l ip s  & Kane,
1973; P h i l l ip s ,  1974). Since a v a l id  h ierarchy possesses the property 
th a t  success on higher leve l items implies success on re levan t lower
leve l items, the percentage o f  in d iv id u a ls  who demonstrate mastery o f  a
given item should decrease as one progresses through the h ie ra rchy. I t  
must be noted tha t the cond it ion  o f  increasing item d i f f i c u l t y  is  a 
necessary but not s u f f ic ie n t  cond it ion  fo r  a v a l id  h ierarchy. Gagne (1967) 
suggested the use o f  item d i f f i c u l t y  to compare consecutive stages o f  a 
proposed hierarchy, using the necessity cond it ion  stated above to re je c t  a
I
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hypothesized h ie ra rch ica l dependency and id e n t i fy in g  stages where there 
are extreme d if fe rences  in the d i f f i c u l t i e s  o f  consecutive items as places 
where P o s it iv e  Transfe r f a i l s .
Guttman Scalogram Analysis (Guttman, 1944) has been used to gener­
ate v a l id  h ie ra rch ies  (Resnick & Wang, 1969; P h i l l ip s  & Kane, 1973; 
P h i l l ip s ,  1974). Scalogram analysis is  a measure o f  the extent to which 
the passage o f  a p a r t ic u la r  item implies the passage o f  a l l  preceding 
items. This procedure, however, is on ly  able to  deal w ith  l in e a r  h ie ra r ­
ch ie s . A f te r  the students have been tested on a l l  items, t h e i r  response 
patterns are recorded. The items are then ordered in  such a way as to 
maximize the C o e ff ic ie n t  o f  R e p ro d u c ib i l i ty :
Ren =; 1 _ Total, number o f  errors 
P" " Total number o f  responses ’
where an e rro r is  defined as a case where a student passes a higher leve l 
item a f te r  having fa i le d  a lower leve l item . A l in e a r  h ie ra rchy  is consi­
dered v a l id  when Rep. > .90. Gagne (1967) ind icated th a t  the use o f 
Guttman's scaling technique to sequence items is  an " e n t i r e ly  reasonable" 
a p p lica t io n  o f  th is  s t a t i s t i c .  Resnick and Wang (1969) discussed a way 
o f  applying scalogram ana lys is  to a non linear h ierarchy. The ir method is 
e s s e n t ia l ly  the a p p l ic a t io n  o f  Guttman*s technique to a l l  possib le  l in e a r  
pathways. This method, however, proved to  be qu ite  awkward fo r  complica­
ted, nonlinear (branching) h ie ra rch ies .
Resnick and Wang (1969) also were concerned about the fa c t  that 
none o f  the v a l id a t io n  techniques to date; namely, Gagne, Walbesser, or 
Guttman could handle "downward d is ju n c t iv e "  h ie ra rch ica l branches. This
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is  a s i tu a t io n  where one or the other o f  two subordinate s k i l l s  is  needed 
in  order to  perform a superordinate s k i l l .  They reported a method o f  
J. C a rro l l  which seems to  handle the above mentioned problems. Like 
Gagne and Walbesser, p a s s / fa i l  contingency tab les were constructed fo r  
a l l  poss ib le  pa irs o f  items in  the hierarchy and Phi/Phimax (Herzon & 
Hooper, 1976) c o e ff ic ie n ts  were computed. For acceptable leve ls  o f  the 
c o e f f ic ie n t ,  a h ie ra rch ica l re la t io n s h ip  is  in fe r re d  w ith  the most d i f f i ­
c u l t  item de fin ing  the superordinate s k i l l .  I t  should be noted th a t 
value o f  Phi/Phimax s t a t i s t i c  is  close to 1.0 when a l l  tab le  en tr ies  
tend to  f a l l  on one diagonal o f  the 2 x 2  contingency tab le . This can 
happen on ly  when both Task Dependency and P o s it ive  Transfer are supported 
by the data. To te s t  fo r  downward d is ju n c t iv e  re la t io n sh ip s  C arro ll com­
bined the two items, g iv ing  a pass i f  e i th e r  item was answered c o r re c t ly .  
On the basis o f  these re la t io n sh ip s  a (v a l id )  h ierarchy was constructed.
Capie and Jones (1971) combined some o f  Walbesser's ra t io s  and 
the use o f  the Phi C o e ff ic ie n t to  va lid a te  a lo g ic a l l y  derived h ierarchy 
and to  e m p ir ic a l ly  generate a h ierarchy from a l i s t  o f  a l l  "poss ib le" 
p re re q u is ite  s k i l l s .  B a sc ia l ly  th e i r  idea was to  use the Phi C o e ff ic ie n t 
to determine whether o r not a s ig n i f ic a n t  re la t io n s h ip  existed and then to  
apply Walbesser's Consistency, Adequacy, and Completeness ra t io s  to  de te r­
mine d i r e c t io n a l i t y .  Close examination o f  t h e i r  e m p ir ic a l ly  derived 
hierarchy y ie lded  many unexpected re la t io n sh ip s .  In order to deal w ith  
th is  f law  in  lo g ica l d e r iv a t io n ,  they recommended the l i s t i n g  o f  a l l  
"poss ib le " p re requ is ite  s k i l l s  fo llowed by a performance o f dependency 
tests  between a l l  possib le behavior p a irs .  The re la t io n sh ip s  obtained 
from th is  analysis could then be used to  generate a h ierarchy. Kane
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(1971) also described a s im i la r  a p p lica t io n  o f  the Phi C o e ff ic ie n t to  
the problem o f  v a l id a t io n  and generation o f  h ie ra rch ies .
Pattern Analysis described by Rimoldi and Grib (1960) also has 
been used by many researchers to  study h ie rarch ies (Kane, McDaniel & 
P h i l l ip s ,  1971; P h i l l ip s  & Kane, 1973; Walbesser & Eisenberg, 1972). 
Pattern Analysis is  a method o f  comparing b iv a r ia te  pa tte rns , such as 
patterns o f  p a s s / fa i l  responses to  te s t  items, which y ie ld s  an index o f  
agreement between two pa tte rns . Expected and observed patterns can then 
be compared and the index o f  agreement used to determine whether o r not 
the observed pa tte rn  "conforms" w ith  the expected one. Kane, McDaniel,
& P h i l l ip s  (1971) gave a de ta iled  explanation and an example o f th is  
procedure.
Richard T. White has been very concerned w ith  the problem o f  
Learning Hierarchy v a l id a t io n  (1973, 1974a, 1974b, 1974c). He (1973) 
found serious fa u l ts  w ith  Gagne's ea r ly  hierarchy research, in d ic a t in g  
th a t even though the number o f exceptions to  the hypothesized task 
dependencies was small there were almost always exceptions. Gagne's 
design d id  not provide fo r  an adequate estimate o f  e r ro r  in  measurement 
and White f e l t  th a t  the only e f fe c t iv e  way to  account fo r  exceptions to 
they hypothesized task dependencies was to  a t t r ib u te  them to  e r ro r  in  
measurement. White also pointed out th a t the ra t io s  used by Gagne in  
h is o r ig in a l  study were necessary but not s u f f ic ie n t  conditions fo r  
h ie ra rch ica l dependency, in d ic a t in g  th a t any two items th a t were 
p o s i t iv e ly  corre la ted would y ie ld  acceptable ra t io s ,  whether they were 
h ie ra rc h ic a l ly  re la ted or not. He also raised the issue th a t la te  te s t ­
ing o f  the component elements o f  the hierarchy (on the eighth day a f te r  
in s t ru c t io n )  confounds measurement w ith  fo rg e t t in g  and la te  lea rn ing .
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White expressed concern about the fa c t  th a t  previous studies have y ie lded 
exceptions to the hypothesized h ie ra rch ie s . He did not fe e l ,  however, 
tha t there was enough evidence to re je c t  the theory o f  Learning H ie ra r­
ch ies. He suggested (White, 1973) two methods which seemed to e lim ina te  
the d i f f i c u l t i e s  th a t  previous studies shared. Unfortunate ly , the f i r s t  
o f  these methods was t o t a l l y  im practica l since i t  required more than k! 
experimental groups to te s t  a h ierarchy w ith k connections. The second 
suggested carefu l use o f  the Gagne technique along w ith a s ta t is t ic a l  
te s t  which allowed fo r  e r ro r  in  measurement. White and Clark (White,1974c) 
developed a te s t  fo r  h ie ra rch ica l dependence which allows fo r  measurement 
e r ro r .  Suppose H  ^ is  the hypothesis tha t s k i l l  I is  p re re qu is ite  to 
s k i l l  I I .  White and Clark produced methods to estimate the chance prob­
a b i l i t y  w ith which the numbers o f  students who were observed to possess 
s k i l l  I I  w ithout s k i l l  I  could occur under H  ^ . White used th is  method 
to determine whether or not connections between elements in  a proposed 
h ierarchy should be re je c ted . (For a proposed h ie ra rch ica l connection: 
possession o f  s k i l l  I I  implies possession o f  s k i l l  I ,  the number o f  
students who in c o r re c t ly  answered a l l  questions on s k i l l  I and c o r re c t ly  
answered a l l  questions on s k i l l  I I  were counted. This number was compared 
to the maximum number th a t could have occurred due to  e r ro r  in  measure­
ment.) For each accepted connection a power o f  the White-Clark te s t  is 
reported against the a lte rn a te  hypothesis tha t .05 o f  the population could 
learn the upper element w ithout the lower element. A power o f  .96 means 
th a t there is  on ly  a .04 chance o f  accepting the connection when .05 o f  
the population could perform the superordinate w ithout the subordinate.
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Several researchers have attempted to evaluate the above described 
" in d i re c t "  v a l id a t io n  procedures by a c tu a l ly  sequencing in s tru c t io n a l 
m ateria ls  according to some o f  the above procedures. Each sequence was 
then measured with respect to achievement, t ra n s fe r ,  re te n t io n ,  and time 
e f f ic ie n c y .  The re s u lts  o f  these measures were then compared. In an 
e a r ly  study Roe, K . , Case and Roe, A. (1962) compared a scrambled sequence 
to a lo g ic a l ly  ordered sequence o f  lea rn ing  items concerned w ith  prob­
a b i l i t y ,  and found no s ig n i f ic a n t  d if fe re n ce  with respect to  achievement 
and time e f f ic ie n c y .  These re su lts  are typ ica l o f  s im i la r  s tud ies . Kane, 
McDaniel, and P h i l l ip s  (1971) investiga ted the d i f fe r e n t ia l  e f fe c ts  o f  
sequencing in s tru c t io n a l materia ls according to the fo l lo w in g  techniques: 
Logical Task Ana lys is , Item D i f f i c u l t y ,  Phi C o e ff ic ie n t,  Guttman Scalo­
gram Analys is, Textbook Ordering, Walbesser Indices, and Random Ordering. 
These techniques y ie lded  seven d i f fe r e n t  sequences o f  eleven items con­
cerning the add it ion  o f  ra t io n a l numbers w ith  l ik e  denominators. The 
comparison o f  these sequences w ith  respect to the four variab les l is te d  
above y ie lded the fo l lo w in g  re s u lts :  (1) Achievement: No s ig n i f ic a n t
d if fe re n ce , (2) T ransfer: No s ig n i f ic a n t  d if fe ren ce , (3) Retention:
S ig n i f ic a n t  d iffe rences were found here w ith  Logical > Textbook, Walbesser 
> Textbook, Walbesser > Item D i f f i c u l t y ,  (4) Time: A s ig n i f ic a n t
d if fe rence  was found w ith Logical > Phi. I t  was noted th a t no sequence 
maximally f a c i l i t a t e d  a l l  four va r ia b le s .  Uprichard (1970), in an attempt 
to f in d  the optimum sequence fo r  the three set re la t io n s  "g rea te r than," 
" less  than," and "equiva lent to ; "  taught a l l  possible l in e a r  sequences 
o f  these three items to s ix  experimental groups. This method is  qu ite  
im p ra c t ica l,  however, when the analys is o f  a large number o f  items and 
possib ly  branching h ie rarch ies  are invo lved.
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Order Theory
Since the basis fo r  the em pirica l framework o f  the present 
research is  Order Theory (OT), i t  is  given a much more d e ta i le d  t r e a t ­
ment than the va l id a t io n  procedures discussed above. The theory is  
ex tens ive ly  developed and discussed in  a sequence o f a r t ic le s  e i th e r  
authored or coauthored by A ira s ia n , B art, and Krus (A iras ia n , 1971b; 
A irasian & B art,  1971, 1973, 1975; Bart & A iras ian , 1974; Bart & Krus, 
1973). B a s ica l ly ,  Ordering Theory is  a method which is  based upon 
Guttman Scalogram Analysis but which allows fo r  non linear, branching 
h ie ra rch ies . The primary in te n t  o f  Ordering Theory is  to  e i th e r  v e r i fy  
an a p r io r i  h ierarchy among a set o f  te s t  items or to  e m p ir ica l ly  
generate a hierarchy from a set o f  te s t  items. Ordering Theory 
uses item response patterns to  id e n t i f y  p re re q u is ite  re la t io n sh ip s  
among items o r tasks. Given a set o f  te s t  items which are biva lued;
i . e . ,  a score o f  " 0 " on item i  by subject j  means nonperformance
Î
and a score o f  " 1 " on item i  by sub ject j  means performance and 
fo r  which a l l  subjects have answered a l l  questions; the set o f  items 
can be considered a p a r t ia l l y  ordered set under the re la t io n  " is  pre­
re q u is i te  t o . "  This re la t io n  is  defined as: Item i  is  p re re q u is ite  to  
item j  to  the extent tha t the ( 0 , 1 ) response pattern does not occur; 
where a ( 0 , 1 ) response pattern means nonperformance o f  item i and 
performance o f item j .  The (0 ,1) response pa ttern  is  ca lled  a "d is ­
con fo rm ity . "  For example. Table 1 contains fou r two-by-two contingency 
tables which i l l u s t r a t e  the possib le ways th a t  items i and j  can be






Possible Order Theoretic Relations
Between Two Items
item j item j
0 1 0 1
0 20  0 0 2 0  1 0
item i
1 10 70 1 0 70
a b
item j item j
0 1 0 1
0 15 0 0 20  15
item i
1 0 85 1 35 30
c d
The lo g ic a l  re la t ion s  th a t  can be in fe rred  from Table 1 are:
(1) a: Item i is  p re re q u is ite  to item j , i . e . ,  success on item
j  implies success on item i .
(2) b: Item j  is  p re re q u is ite  to item i ,  i . e . ,  success on item
i implies success on item j .
(3) c: Item i  is  equivalent to item j ,  i . e . ,  success o f  item
i  concurs w ith  success on item j .
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(4) d: Item i and j  are independent, i . e . ,  the score on item i
is  unrelated to the score on item j .
Ordering Theory does have one l im i ta t io n  in defin ing the prerequi­
s i te  re la t io n  in  th a t i t  does not contain a method fo r  dealing w ith  random 
e rro r .  In order to deal w ith th is  l im i ta t io n ,  preset tolerance leve ls  are 
used. The tolerance level is  the maximum number o f  d isconform ity response 
patterns th a t w i l l  be allowed to occur while accepting a p a r t ic u la r  pre­
re q u is i te  re la t io n s h ip .  Thus a 5% tolerance leve l with k subjects would 
allow fo r  up to .05 k d isconform ities before re je c t in g  the p re requ is ite  
re la t io n s h ip .  For example, in  Table 2 the re la t io n  item i  is  p rerequ is ite  
to item j  would be accepted under a .05 tolerance le v e l;  since the number, 
fou r, o f  d isconform ities is  less than the maximum number allowed, .05 k 
= .05 (100) = 5.
Table 2
Example o f  a Contingency Table with 
Item i  Prerequis ite  to Item j  at the .05 Level
item j
0 1
1 tem i 0 30 4
1 41 25
The use o f  a .05 tolerance leve l is  standard in  the l i t e r a tu r e .  This is 
consistent w ith the percent o f  d isconform ity prescribed by Gagne and 
Paradise (1961) who allowed fo r  3% disconform ity in  th e i r  study o f  a
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lo g ic a l ly  derived hierarchy fo r  solving l in e a r  equations. The .05 level 
also is  consistent with Walbesser's requirement th a t  his Adequacy, Complete­
ness and Consistency ra t io s  be a t least .85.
Wood (1975) has developed a s ign if icance  te s t  fo r  Ordering Theory 
which takes in to  consideration the number o f  sub jects, the tolerance level 
o f ana lys is , the proportion o f  students who successfu lly  complete each 
task, and the number o f tasks. This te s t  e s s e n t ia l ly  determines the 
p ro b a b i l i ty  th a t  the to ta l number o f p re requ is ite  re la tionsh ips  observed 
could have occurred by chance. An example o f  the app lica tion  o f Wood's 
s ign if icance  te s t  is  given by A irasian and Bart (1975). The use o f  th is  
te s t  is ,  however, qu ite  re s t r ic te d  and Wood (1975) indicated tha t i t s  use 
at to lerance leve ls  o f .05 is  l im ite d  and i t s  use a t tolerance leve ls  o f 
.1 0  and above should be avoided.
As an example o f  an app lica tion  o f Order Theory, consider the item 
response pattern matrix fo r  12 items using a sample o f  15 subjects shown 
in Table 3.
Table 3
Matrix o f  Item Response Patterns
row
Item 1 2 3 4 5 6 7 8 9 10 11 12 to ta ls
Subject 1 1 1 1 1 0 0 1 1 1 1 1 1 10
Subject 2 1 1 0 1 1 0 1 0 1 1 1 1 9
Subject 3 1 1 1 1 0 0 1 1 1 1 1 1 10
Subject 4 0 1 0 0 0 0 1 0 0 1 0 1 4
Subject 5 0 0 1 0 1 0 1 0 0 1 1 1 6
Subject 5 1 1 1 1 1 0 1 1 1 1 1 1 11
Subject 7 0 1 1 1 1 0 1 0 1 1 1 1 9
Subject 8 0 1 0 1 1 0 0 1 0 0 0 1 5
Subject 9 0 1 1 0 0 0 1 1 0 0 0 1 5
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TABLE 3 -  continued
row
Item 1 2 3 4 5 6 7 8 9 10 11 12 to ta
Subject 10 1 0 0 0 0 0 1 0 1 1 0 1 5
Subject 11 1 1 0 1 0 0 1 0 0 1 0 1 6
Subject 12 0 1 0 1 1 0 0 0 1 1 1 1 7
Subject 13 0 1 1 1 1 0 1 1 0 1 0 1 8
Subject 14 1 1 0 1 0 0 1 0 1 1 1 1 8
Subject 15 0 1 1 1 0 0 1 0 1 1 1 1 8
column
to ta ls 7 13 8 11 7 0 13 6 9 13 9 15
Note. Bart and Krus (1973, p. 296)
To examine the re la t ionsh ip  between item 7 and item 1 in Table 3, the 
2 x 2  contingency tab le shown in Table 4 is constructed.
Table 4










I t  is  c lear th a t  item 7 is p re requ is ite  to item 1 since the percentage o f 
d isconform ity is  0; however, item 1 is  not p re requ is ite  to item 7 since 
the percentage o f  d isconformity is  40%, well above any reasonable maximum.
R eprod u ced  with perm ission of the copyright ow ner. Further reproduction prohibited w ithout perm ission.
32
Therefore o f  the four possible p re requ is ite  re la t ionsh ips  defined in 
Table 1 only one, item 7 is p re requ is ite  to item 1, is supported by the 
da ta .
Analysis o f a l l  possible item pairs in  Table 3 y ie ld s  the fo llow ing  
matrix o f  percentages o f  d isconform ity (Table 5).
Table 5
Matrix o f  Percentages o f Disconformity 
Obtained from the Data in Table 3
[terns 1 2 3 4 5 6 7 8 9 10 11 12
1 — 47 33 40 33 0 40 20 20 40 27 53
2 7 — 7 0 7 0 13 0 7 13 7 13
3 27 40 — 33 20 0 33 7 27 40 20 47
4 7 13 13 — 7 0 27 7 7 20 7 27
5 33 47 27 33 — 0 53 20 33 47 27 53
6 47 87 53 73 47 — 87 40 60 87 60 100
7 0 13 0 13 13 0 — 7 7 7 7 13
8 27 47 20 40 27 0 53 — 40 60 40 60
9 7 33 20 20 20 0 33 20 — 27 7 70
10 0 13 7 7 7 0 7 13 0 — 0 13
11 13 33 13 20 13 0 33 27 7 27 — 40
12 0 0 0 0 0 0 0 0 0 0 0 --------
Using the data from Table 5 and a preset tolerance level o f  .05, the 
p a r t ia l  order " is  pre requ is ite  to" can be completely defined fo r  th is
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set o f  items as i l lu s t ra te d  in  Table 6 .
Table 6
Prerequis ite  Matrix Derived from Table 5
Items 1 2 3 4 5 6 7 8 9 10 11 12
1 1 0 0 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 1 0 1 0 0 0 0
3 0 0 1 0 0 1 0 0 0 0 0 0
4 0 0 0 1 0 1 0 0 0 0 0 0
5 0 0 0 0 1 1 0 0 0 0 0 0
6 0 0 0 0 0 1 0 .0 0 0 0 0
7 1 0 1 0 0 1 1 0 0 0 0 0
8 0 0 0 0 0 1 0 1 0 0 0 , 0
9 0 0 0 0 0 1 0 0 1 0 0 0
10 1 0 0 0 0 1 0 0 1 1 1 0
11 0 0 0 0 0 1 0 0 0 0 1 0
12 1 1 1 1 1 1 1 1 1 1 1 1
Note. a
1j  " 0 impl ies item i i s not prerequi s i te to
item j . i  = 1 i mpli es i tem i i s prerequi s i te to i tem j
Using the information o f  Table 6 the fo llow ing  hierarchy can 
be constructed (see Figure 4 ) .  A descending segment or path o f  descend­
ing segments from item j  to item i  means tha t i ta n  i is  p re requ is ite  to 
i tan  j ,  fo r  example, item 12 is  p re requ is ite  to item 8 . This diagram is  
the empirical hierarchy o f  p re requ is ite  knowledge o f  the subject area 
involved.
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Figure 4. Hierarchy Constructed from Table 6 ,
• The Ordering Theoretic technique provides an extensive analysis 
o f  the Task Dependency hypothesis. A ra t io  which w i l l  be discussed in  
Chapter I I I  has been devised to analyze the Pos it ive  Transfer hypothesis. 
This ra t io  is  qu ite  s im ila r  to ra t io s  devised by Gagne and to the 
Adequacy Ratio o f  Walbesser. »
Order Theory answers many o f  the questions which have concerned 
Learning Hierarchy researchers. Gagne used the ra t io  o f  Percentage o f 
Positive Transfer (PPT) in  his s tud ies. This ra t io  is  qu ite  close to 1- r  
where r  is  the percentage o f  d iscon form ity . Thus small values fo r  d is ­
conformity w i l l  tend to imply la rge values o f  PPT. Walbesser's Consis­
tency and Adequacy Ratios are encompassed in  a s im i la r  fashion. A 
hierarchy generated by Order Theory also is  ordered by Item D i f f i c u l t y .  
Scalogram Analysis is  re s tr ic te d  to l in e a r  h ierarchies and is  generally
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not applicab le to the branching type o f  hierarchy generated by Order 
Theory. With respect to the Phi C o e ff ic ie n t,  i f  a h ie ra rch ica l r e la t io n ­
ship is  accepted by Order Theory and also s a t is f ie s  reasonable leve ls  o f  
a ra t io  designed to  measure P os it ive  Transfer, then the en tr ies in  the 
two-by-two contingency tab le  fo r  the items concerned w i l l  tend to  l i e  on 
a diagonal. This s i tu a t io n  produces high values o f  the Phi C o e ff ic ie n t.  
Order Theory also addresses the concerns o f  Capie and Jones since i t  
considers a l l  possible p re requ is ite  re la t ionsh ips  among a set o f  te s t
items and not ju s t  those lo g ic a l ly  hypothesized. (This property o f
h ierarch ies, namely that o f  de fin ing  a l l  re la t ionsh ips  which e x is t  among 
the items, is re ferred to as Completeness in  the present study.) The
preset tolerance level o f  Order Theory s a t is f ie s  White's concern tha t
exceptions to hypothesized re la t ionsh ips  be a t t r ib u te d  to measurement 
e r ro r .
In summary, the fo llow ing  properties o f  Order Theory suggest 
tha t i t  is  very appropriate as a basis fo r  the empirical framework o f  
the present research.
(1) Order Theory makes use o f  an empirical analysis o f  the 
p re requ is ite  re la t io n  which makes i t s  re su lts  invaluable 
to the study o f  the lo g ica l hierarchy (which is  based on 
a lo g ica l analysis o f  the p rerequ is ite  re la t io n ) .
(2) The mathematical framework o f  Order Theory is  very s t ra ig h t ­
forward and qu ite  appealing.
(3) Or^er Theory answers many o f  the empirical questions which 
have h is to r ic a l ly  concerned Learning Hierarchy researchers.
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METHODOLOGY
Learning Hierarchy research t r a d i t io n a l ly  consists o f  the speci­
f ic a t io n  o f  content and the analysis o f  task to derive log ica l (hypo­
thesized) h ierarchies followed by empirical te s t in g  and resulting, 
conclusions. In the f i r s t  two sections o f  th is  chapter, the theore tica l 
framework o f  the present study is  developed w ith in  the context o f  a 
deta iled discussion o f the re su lts  fo r  the content u n i t ,  "D if fe re n t ia t io n  
o f  Algebraic Functions." The f i r s t  section discusses the scheme developed 
fo r  the sp e c if ica t io n  o f  content and the generation o f log ica l h ierarch ies. 
The second section describes the methodology which has been developed fo r  
the empirical tes t ing  o f  log ica l h ie rarch ies. The f in a l  section o f  th is  
chapter addresses the special case o f  calculus word problems.
The Logical Analysis
For the purposes o f  th is  study, calculus meant D if fe re n t ia l  
Calculus, even though the techniques developed are applicable to the 
e n t ire  calcu lus curriculum as well as many other subject areas. With 
th is  r e s t r ic t io n ,  the f i r s t  step in the present study was to examine the 
content o f several leading calculus textbooks (Swokowski, 1975; Thomas, 
1968; F ro tte r & Morrey, 1977). This examination began with the 
c o l la t io n  o f  chapter headings and was progressive ly refined by successive 
c o l la t io n s  o f  section headings, d e f in i t io n s  and theorems. As a re s u l t  o f
36
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th is  examination, calculus was pa rt it ioned  in to  the fo llow ing content 
u n its :  (1) Computation o f  f ' ( x )  via the D e f in it io n  o f Deriva tive , (2)
D i f fe re n t ia t io n  o f  Algebraic Functions, (3) Im p l ic i t  D i f fe re n t ia t io n ,ft
(4) Tangents and Normals, (5) Graphing, ( 6 ) Applications o f  Extrema,
(7) V e lo c ity  and Acceleration, (8 ) Related Rates, (9) D if fe re n t ia t io n  
o f  Transcendental Functions. These un its  are consistent with the emphasis 
o f the calcu lus textbooks mentioned above and contain the set o f  top ics 
normally studied in  the f i r s t  course o f  the U n ive rs ity  o f New Hampshire 
(UNH) calcu lus sequence. The resu lts  o f th is  research should have general 
a p p l ic a b i l i t y  to calculus programs n a t io n a l ly ,  while allowing data to  be 
gathered during the adm in is tra tion  o f  a f i r s t  semester calculus course at 
UNH.
Each o f  the content un its  was defined in  the s p i r i t  o f  Gagne's 
desire tha t "content needs to be considered as ob jectives where these 
ob jectives mean things th a t a student is  able to accomplish" (Gagne, 1967). 
For each content u n i t ,  pe rt ine n t examples and exercises were co llec ted  from 
Swokowski (1975), the te x t  used by the UNH students in the experiment.
Each content u n it  was then defined to be th is  c o l le c t io n  o f items and 
mastery o f  a content u n it  was defined to be the a b i l i t y  to do a l l  items 
in the c o l le c t io n .  A major accomplishment o f  th is  research was to impose 
a h ie ra rch ica l s truc ture  on th is  d e f in i t io n  (which, a t th is  po in t,  was an 
unstructured set o f  exercises) o f  each content u n i t .
The imposition o f  th is  s tructure was accomplished as fo l lo w s .
For each content u n i t ,  each item was task analyzed using the t ra d i t io n a l  
task analysis procedures o f  Gagne discussed in  Chapter I I .  The fa c t  tha t 
each item was an exercise g rea tly  fa c i l i t a te d  th is  operation, since the
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actual so lu tion  o f  the problem provides a ra ther complete and qu ite  
accurate road map fo r  task analys is . For each item, task analysis was 
continued u n t i l  Entry Behaviors had been reached. The term ination o f 
task analysis in  th is  way is  customary in  Learning Hierarchy research 
(Gagne, 1970). The fo llow ing  example i l lu s t r a te s  th is  procedure. The 
problem
"Find the equation o f the l in e  which is  normal to
f ( x )  = j  x^ -  x^ -  X + 1 and is  p a ra l le l  to the
l in e  2y -  x = 3 ."
is  contained in  the Tangents and Normals hierarchy. Task analysis 
yie lded the fo llow ing  c o l le c t io n  o f p re requ is ites :
(1) Find the slope o f  the l in e  2y -  x = 3.
(2) Find a l l  points where the slope o f  the l in e  which is
normal to f ( x )  = j  x^ -  x^ -  x + 1 is
(3) Find the equation o f the l in e  which is  normal to 
f ( x )  = j  -  x^ -  X + 1 a t the po in t (1 ,-  j ) .
(4) Find the slope o f  the l in e  which is  normal to the graph
o f  f ( x )  = j  x^ -  x^ -  X + 1 a t the po in t (1 ,-  j ) .
(5) Find the slope o f  the l in e  which is  tangent to the graph
o f f ( x )  = y x ^  -  x f -  X + 1 a t  the po in t (1 , -  j ) .
( 6 ) Solve fo r  x,
x f  -  2x -  1 = -2.
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(7) Evaluate f ( x )  = j x ^ - x ^ - x  + l at x = 1.
(8) I f  f(x) = j  x^ - x^ - X + 1, compute f '(x).
(9) Find the equation o f  the l in e  which passes through the
2 1 point ( 1 , - ^ )  and has slope j .
O
Further analysis yie lded items such as "Factor x -  2x + 1" and 
"S im p lify  (1) ," e tce tera, which were considered Entry Behaviors.
Each item in the d e f in i t io n  o f  each content u n i t  was task analyzed 
in  a s im i la r  fashion. For each u n i t ,  the o r ig in a l set o f  items and the 
set o f  a l l  items generated by task analysis were co llec ted . Each content 
u n i t  was then redefined to  be th is  new set o f  items and mastery o f  the 
u n it  the a b i l i t y  to do a l l  items in th is  c o l le c t io n .  This new co l le c t io n  
o f items is  complete in  the fo llow ing sense: task analysis o f  any item
in the c o l le c t io n  would e ith e r  produce another item in the c o l le c t io n  or 
an Entry Behavior. Thus, what i t  is to know the u n it  and what is  needed 
to know the u n i t  are completely contained in or implied by the c o l le c t io n .  
New (p re requ is ite ) items generated by task analysis were used as te s t
questions in  the h ie ra rch ica l te s t in g . I t  was f e l t  tha t these items had
been derived in  such a way tha t r e l i a b i l i t y  would not be a problem.
Items obtained through textbook examination were standard items which 
had survived several textbook ed itions and re v is io ns . Items obtained 
through task analysis were o f  the type commonly used by mathematics 
educators a t the high school and college le ve ls .  They were items tha t 
th is  researcher had had considerable experience constructing, adm in is tra ting , 
and eva luating. Every e f f o r t  was made to keep the wording o f  the items 
consistent with tha t used in standard high school and college te x ts .  Also, 
as is  described below, a l l  items were examined by a panel o f  experts.
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This panel consisted o f  several ca lcu lus teachers, textbook w r i te rs ,  and 
curriculum developers. As a f in a l  check, a sample o f  derived, prerequi­
s i te  items was chosen across the content un its  and a p i l o t  study was 
conducted to  check the wording o f  these items. E ssen t ia l ly ,  the re su lts  
o f  the p i lo t  study were favorable. Students were able to understand the 
questions and responses were in l in e  w ith expected responses.
The next step was to impose a log ica l s truc tu re  on the d e f in i t io n  
o f each content u n i t .  To accomplish th is ,  each u n i t  was induc tive ly  
pa rt it ioned  in to  a set o f  leve ls by using the fo l low ing  a lgorithm:
Let S be a set o f  te s t items,
(1) An item is in level 1 i f  i t  possesses no lo g ica l prerequi­
s i t e  in  S.
(2) An item not in level 1 is  in level 2 i f  i t  possesses no
lo g ica l prerequis ites in  [S^level 1 ].
n-1
(3) In general, an item not in  [ \ J  level 1 ]  is  in level n
i= l n-1
i f  i t  possesses no lo g ica l prerequis ites in [S ^ L /  level i ] .
i= l
For the purposes o f the present study, the prerequ is ite  re la t io n  was 
defined as: Item i is  p re requ is ite  to item j  means th a t  the a b i l i t y  to
do item j  implies the a b i l i t y  to do item i .  In which case, i t  is  said 
tha t i  is  p re requ is ite  to j  or i  j .
As discussed e a r l ie r ,  each u n i t  was defined by f i r s t  co l le c t in g  
pe rtinen t examples and exercises from Swokowski. Task Analysis was then 
used to produce the prerequis ites o f  each item. Partin  (1976) has some 
doubts about the tra d i t io n a l task analysis procedure. He stated tha t
An inherent d i f f i c u l t y  in  conducting research based upon 
log ica l task analys is, such as Gagne's, is tha t the proposed 
hierarchy is always dependent upon the in te l le c tu a l  s k i l l s  
or sub ject matter knowledge o f  one or a few in d iv id u a ls .
(1976, p. 16)
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
41
In order to re lie ve  th is  concern, w r it te n  essay questions o f  a l l  students 
studying calculus at UNH during the academic year 197F-77 were c a re fu l ly  
co llected and stored. This c o l le c t io n  consisted o f  e ight to twenty-four 
exams fo r  each o f  approximately 1000 students. Many o f  the items 
collected from Swokowski had analogues on a t le a s t one o f  these exams.
Where appropria te, student responses to analogous items were c a re fu l ly  
examined in  an attempt to broaden the base o f  inpu t fo r  task analysis 
and thus s a t is fy  P art in 's  concern.
Let us consider now, the app lica tion  o f  the methodology developed 
to th is  po in t to the content u n i t  "D i f fe re n t ia t io n  o f  Algebraic Functions." 
Task analysis o f  the exercise "D if fe re n t ia te  h(x) = (x^+4)^^^(x^+l 
fo r  example, y ie lded the fo llow ing  l i s t  o f  p re requ is ite  s k i l l s .  (Note 
that each p rerequ is ite  s k i l l  is  described by an exerc ise.)
(1) D if fe re n t ia te  (x^+4)^^^.
(2) D if fe re n t ia te  (x^+1)^/^ .
(3) D if fe re n t ia te  (x^+4)(x^+3).
(4) D if fe re n t ia te  (x^+4).
(5) D if fe re n t ia te  (x^+3).
( 6 ) D if fe re n t ia te  x^.
(7) D if fe re n t ia te  x^.
( 8 ) D if fe re n t ia te  x^^^.
(9) D if fe re n t ia te  x^^^.
S im ilar analysis was performed on each item in the o r ig in a l c o l le c t io n .
The new items generated were combined with the o r ig in a l set o f  items to 
form a superset which was used to define th is  content u n i t .  Using the 
algorithm discussed above, a hierarchy o f  leve ls was then imposed on 
th is  d e f in i t io n  (see Figure 5 and Table 7).




LEVEL I I I
LEVEL I I
: LEVEL I
Figure 5. Hierarchy o f  Levels, D i f fe re n t ia t io n  o f  Algebraic 
Functions. (L is ts  o f  items contained in  each leve l are given in  
Table 7 .)
Table 7




l+x'l+x-Z+x-3 2s-4+3s"2+2 x^/" t2 /3 .^ - l /3
10x3/2+3,-1/3 v‘ ' - 2 v '3 x-3 6x*/3+4x-'/2
6x3-5x’ ’ +2x’ 3/3 3+2x '3+4x"3 x '/3 t2+t-2
8x5/2+3x4/3 2x ' ’ - ( 1 /3 ) x"3-7 x5/3 z2+z"2
x - W / 3 x-2 ,3 /5 X-'
-1XiX x2/3 2x"4 X-"
x’ /2 1+t-' x3/«
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( x2 - 6 ) ( 2x -T- lx -3 -7 )
\A x2-7x+4 
(x f-4 x + 8 )^
(3.x l - l ) l  
6
X / s T F
(w4-8w2+15)4 
(17v-5)1000 
(3s )4  







(8x2-5x ) (13x2+4) 
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TABLE 7 -  continued
Level I I I  (continued)
If.;:?
IKl*










( x ^ - 4 x + 8 )^
Level IV
(x-2+2xl/3 )"
% x ^ - x + 1  
V s x ^ -x + l  (x "2+2xT/2 )'




(2x + l) 10+l
2x+(2x)"T
Vt^+t+1 V4F 9
/ r  /r+ T  / r +2
z2+(z2+9)^/2
( x : - 6 ) - i+ i
^ 3 x ^ -x + l  +1 
S/sx^-x+l (xf-G)^
^s^+9 (4s+5)^
7x + Vx^ +6  






( 4 x 2+6x - 7 )




t f 3 x + 2 ?
/ S s f i i V
V - 9 s 7
( # r )
(15y+2)(y2_2)3/4
^ ^ ; 7 7










( 3 x + l ) ° / 2 ) ^
4 i ) '
i Z x r + i L
3 / 5
(x2+1)(x2+2)(x^+3)
(x2 +4 )^ /^x3 + l)
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
45










( x ^ l )  (3x+2)
10\ F  + 3—
Vx
(8-5s+7s2)T0




[(x -6 )-’ +1]’ ' ((z2 .,)5 .i,S
7 X (X ^1 , '  , 2  .  ^  «
(3X+10)'* C7x+ \ P + 6] z%
: [7x+Vx^+3] \/w (^3w+l )
v f T T T F  [ i + ( i + 2z ) ’ / ^ ]
Note. See Figure 5.
Note. Each item in  the above tab le  is  assumed to be prefaced by the 
in s tru c t io n s : "D if fe re n t ia te  the fo llow ing fu n c t io n ."
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Note tha t Level I contains polynomial func tions . Task analysis 
could have generated a "Level 0" o f  functions o f  the form f ( x )  = ax*  ^
and a "Level -1" o f  functions o f  the form f ( x )  = x " .  These le ve ls  were 
considered, however, to be unnecessary. Even though the d e r iv a t iv e  is  
a l in e a r  operator and, w ith  th is  in  mind, ax" is  lo g ic a l ly  p re requ is ite  
to ax" + bx^; experience has shown these functions to.be equivalent fo r  
beginning calculus students. Level I I  functions have no prerequ is ites 
other than Level I functions; note again tha t the l in e a r  operator 
property o f  the de r iva t ive  has been ignored. And so on to Levels I I I ,
IV, and V w ith functions in  level n possessing no prerequis ites in  
leve ls m > n. For example, f ( x )  = ' '^ 3 x + 2 )^  is  c le a r ly  not in  Levels 
I or I I  and is  not in  Level I I I  since i t s  p re re qu is ite , (3x+4)^, i s .  
However, the e lim ination o f  Levels I ,  I I ,  and I I I  produces a set which 
contains no prerequis ites to f ,  thus f  is  in  Level IV.
For each content u n i t ,  a log ica l equivalence re la t io n  was then 
defined on each level as: I f  Pp P  ^ e Level i  then P.j is  equivalent
to Pg, means tha t p ro f ic iency  on Level j , fo r  a l l  j  < i  implies 
[p ro f ic ie n cy  on P.j i f  and on ly  i f  p ro fic iency  on Pg]. In other words, 
i f  a student has mastered leve l j  s k i l l s  fo r  a l l  j  < i then exercises P.| 
and Pg o f  Level i  are equivalent means tha t he w i l l  answer P-| and Pg both 
co r re c t ly  or both in c o r re c t ly .  This equivalence re la t io n  induces a par­
t i t i o n  on each le v e l.  Thus each content u n i t  was pa rt it ioned  in to  
le ve ls ,  each o f  which was in  turn pa rt i t ioned  in to  equivalence classes. 
For each content u n i t ,  th is  s truc tu re  was ca lled  the Hierarchy o f  Levels 
o f Equivalence Classes (HLEC). The HLEC fo r  D if fe re n t ia t io n  o f  Algebraic 
Functions is  given in Figure 6 and Table 8 .














Class Class 1 Class Class
I l i a I l l b I I I I c I l l d
Figure 6 . Hierarchy o f  Levels o f  Equivalence Classes, D if fe re n ­
t ia t io n  o f  Algebraic Functions. (The contents o f  the equivalence classes 
are given in  Table 8 .)
Table 8
Contents o f  Equivalence Classes 




(A ll items equivalent, see Level I I  o f  Table 7 .)
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Class I l l a
' ^ z2+4z+8 / 4 t ^
/ 2x l ^
V t2+t+l
V ^ x ^ -x +1
V x ^




















(x2 _2 ) ' / '
( x 2 . 4 ) ' / '




( 3 X - 8 ) '
(7x2+4)“ ^




( 2 t + l ) ‘
(2t+3)'
2 /3





(z 2+g) ' / 2
(x« -6 ) - '
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Class I l l b  (continued)
( 2x) -1


























(2s -3 s + l) (9 s - l )  
(w-1)(w-3)
(w+1 ) (w+3)
(x2 - 6 ) ( 2x-T- }x -3 -7 )
( x 2 - 6 ) ( 3 x 2 - x + 1 )
(x-2+2xT/3)(3x3-x+l)
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TABLE 8 - continued
/3 t+ 4
{ W T J  
( 2xS7/
/s s & A




























( 4 x 2 + 6 x - 7 ) 3 (3x3-1)
1










(3x+ l)°  / 2 ^  




z (2z3-5z-1 ) (6z 2+7)
Vt^+t+l
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TABLE 8 -  continued
Class IVc (continued)
/ r  / r +1 / r +2 
2t(2 t+ l)2(2 t+3)3  





10^ ^  + 3^
Vx
W - 4 =
= #





l+ ( l+ 2z)
(z2 - l)5_ l




'  "  * * 7 ^ 7
_2 1
2x‘ 4 + 1
x^ - ie
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TABLE 8 - continued
Class Va
( ( 2x+l)T 0+1 )1 ° ((z2_ l)5_ i)S
l . - l  - , - 1  r 2 / 2 n \ l / 2 i l / 2  V(v4+7v3)3[ ( 1+ {-) ^+1 ]   ^ . - » , . [ z 2+(z2+g)T/2 ] 1 / ^
[ 7 x + Æ ^ f  (z2 _ _ l ) 0
[ 1 + ( l+ 2z )1 / 2] ' / '  ^
7x(x2+ l ) 2  [V3x3-x+1 +1 ]
(3x+10)4
Note. See Figure 6 .
Note. Each item in  the above tab le  is  assumed to  be prefaced by 
the in s tru c t io n s : "D if fe re n t ia te  the fo llow ing fu n c t io n ."
AL
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Note tha t leve ls  I and I I  each contain one equivalence class whereas
1 2 -3
level I I I  contains fou r. For example, the functions g (v )=  (v " -2v“ )
2 1/3
and h(x) = (5x -x+4) are in class I l l b .  These items are lo g ic a l ly
1 O p
equivalent since items a(v) = v" + 2v” and b(x) = 5x - x + 4  are in
levels I and I I  as are c(x) = and d(x) = x "°  so th a t  the only "new"
s k i l l  involved in  each item is  the a b i l i t y  to apply the Chain Rule to a 
function o f  the form e(x) = C f(x ) ] " .
Another example o f  th is  procedure, is  taken from the content u n it
"Tangents and Normals." As was the case prev ious ly , pe rt inen t examples 
and exercises from Swokowski were co llected and task analyzed. (An 
example o f  the task analysis o f  an item in th is  set is  given above.) The
superset o f  o r ig in a l items and th e ir  prerequ is ites was then used to
construct the Hierarchy o f  Levels o f  Equivalence Classes (see Figure 7 
and Table 9 ) .
Class
Va
Class Class J Cl ass
IVa IVb I IVc
Class Cl ass Class Class Class Class

























Figure 7. Hierarchy o f  Levels o f Equivalence Classes, Tangents 
and Normals. (The contents o f  the equivalence classes are given in 
Table 9 .)
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Table 9
Contents o f  Equivalence Classes 
Tangents and Normals
Class la
D i f fe re n t ia t io n  o f  Algebraic Functions
Class Ib
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TABLE 9 - continued
Class le
Determining Slopes o f  Lines
Class I f
W rit ing Equations o f  Lines
Class I la
Find the slope o f the tangent l in e  to the given function a t the given 
po int:
Vbx3+5x+7; (2,7) (5x-8)1 /3 ; (7,3)
6x2/3_3x1/3_5; (8,13) 4x2/3+2x"1/3-10; ( -8 ,5)
; ( o , 5 ) , ( i , | ) , ( - 2 , i )  ^  ; (3,6)
(4x^-8x+3)4; (2,81) 2x -  ; (4,6)
1 5 .  /x
(x + 1) ; (1,32) ( x ^ + 2 ) 5 ;  ( - 1 . 1 )
(2x- l)10 ; (1,1) x4+x2+l; (-1 ,3 )
(x^-1)^ ; (0 ,-1 ) x°+4x^-5x+3; (0 ,3 ) , ( -1 ,1 1 ) , (1 ,3 )
^2x^+1 ; (-1 ,3 )
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TABLE 9 -  continued
Class l ia  ( c o n t in u e d )
x4-x^-6x^+7; (2 ,-9 )  
(2,4) 
x^+x^+l; (1 ,3)
( 2 ,0 ) 
(x -8 )2 /3+ l;  (0,5)
Class l ib
Find the slope o f  the tangent l in e  to the given curve a t the given point; 
xy+16=0; ( -2 ,8 )  y4+3y-4x°=5x+l; (1 ,-2 )
y^-4x^=5; ( -1 ,3 )  x^y-y°=8 ; ( -3 ,1 )
y -2x-4y-l=0; (-2 ,1 ) 
x^-xy^+4yO-3x+4=0; (2 ,-1)
i  + |  = n  ( 2 . 6 )
2 x ° - x V y ^ - l= 0 ;  (2 ,-3)
Class l ie





x^-6x+2 , 6 
x°+2x^-4x+5, 0 
x^-8x+3, 0
(x + ÿ  , 0
? 1/3
(x^+3x+2) , 0
| x ° - x | , 0
( 2x - l ) 1° ,  0
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TABLE 9 - continued
Class l îd
Find a l l  points where the tangent to the given curve has the given slope; 
, l /3 + ^ l /3 ^ , l /3 _  ,
x^+xy+y^-1 2=0 , 0
x°+yO=a3, 0
3 2 2
X +x y+y =0, 0
Class He
Find a l l  numbers a such tha t l im  f ( x )  = » fo r  each o f  the fo llow ing
x->a
functions:
P -1/3 1 -2/3
j ( x - 8 ) j ( x - 5 )
3/5 q -2 /5  1 p -2/3
(x+2) + -g- x(x+2) •^(x +3x+2) (2x+3)
1 - 1 / 2  1 2  "1/3
^{x+2 ) 2^ 4 -x ) ( - 2x)
1 p  - 1 / 2
ÿ l  6-9x4) (-18x)
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TABLE 9 - continued
Class I l f
Find a l l  points which s a t is fy  the given equation and a t which the given 
expression is  not defined:




- 2x - 2y
2x+2y
^ 2  2 
X +4xy+y -12=0







Class I l i a
Find the slope o f  the normal l in e  to the given function a t the given 
point:
(x -8 )4 /3+ l; (0 ,5)
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TABLE 9 -  continued
Class I l l b
Find the equation o f  the tangent l in e  to  the given curve at the given 
po in t:
N/bx4+5x+7; (2 ,7) x^-xS -gx^f/; (2 ,-9)
6x4/3.3x4/3.5; (8,13) (2,4)
( 0 ,5 ) . ( 1 , | ) , ( - 2 ,1 )  xy+16=0; (-2 ,8 )
1+x
y4-4x4=5; (-1 ,3 )
( 4 x 4 - 8 x + 3 ) 4 ;  ( 2 , 8 1 )  P
- 5  y  - 2 x - 4 y - l = 0 ;  ( - 2 , 1 )
(x + -r) ; (1 ,32) 3 2 3
^ x^^xy^+4y^-3x+4=0; ( 2 , - 1 )
(2 x - l)1 ° ;  ( 1 , 1 ) y4+3y-4x3=5x+l ; ( 1 , - 2 )
x4y-y3= 8;  ( - 3 , 1 )
Vzx^+l ; ( - 1 . /T ) i ^ .  37  + y  = 1 ; ( 2 , 6 ) 
2x3-x4y+y3-l=0; (2 ,-3 )
(5x-8 )1 /3 ; (7,3)
4x4/3+2x"1/3-10; ( -8 ,5 )  ____
4x  ^ ( 3  g) V 4 ^ ;  (2,0)
(x -8 )4 /3+ i; (0 ,5)
2x -  -p ;  (4,6)
/x
(x3+2)^; ( - 1 , 1 )
x4+x4+l ; (-1 ,3 )
x3+4x4-5x+3; (0 ,3 ) , ( -1 ,1 1 ) , (1 ,0 )
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TABLE 9 - continued
Class I I I c
Find the equations o f the tangent l ines  to the given curve which are 
pa ra lle l to the given l in e :
x^+2x^-4x+5, 2y+8x-5=0 x^-x^-5x+2; ( - 3 , 2 ) ( l ,4)
x^-6x,+2 , y=6x - 2  x =0
x^+2x^-4x+5, x=0 x^+xy+y^-12=0, x=0
(x + ^) , x=0 x^+y^=a^, x=0
( 2x - l ) ^ ^ ,  x=0 x^+x^y+y^=0 , x=0
jx^-x| , x=0 
(xZ+3x+2)^/^, x=0
Class I l l d
Write an equation which states tha t the slope o f  the l in e  containing the 
point ( x , f ( x ) )  and the given po in t is  equal to the slope o f  the tangent 
to f  a t ( x , f ( x ) ) :
(4,0)
Æ ? ;  (0 , 0 ) 
(0 ,0)
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TABLE 9 -  continued
Class I l l e
Find the points where the tangent l in e  to the given function  is v e r t ic a l
(x.8)2/3+l
x(x+2 ) 3/5 (x^+3x+2)^^^
\/4-x^
\/l6 -9x^
Class I l l f
Find a l l  points on the graph o f  the given curve where the tangent l in e  






X +x y+y =0
Class IVa
Find the equation o f  the normal l in e  to the given function  at the given 
po int;
(x -8 )j+ l;  (0,5) 
( 2 . 0 ) 
V8x^+5x+7; (2,7)
x ^ + x ^ + l; ( - l ,3 )  
6x2/3-3xT/3_5; (8,13)
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TABLE 9 -  continued
Class IVb
Find a l l  points where the normal l in e  to the given curve has the given 
slope:
3x^+4x-6, -  I
xy+2x-y=0 , - 2  
x^-y^=5, - j
Class IVc
Find a l l  po ints where the tangent l in e  to the given function passes 
through the given po in t: 
x ^  (4,0)
/SÔ4; ( 0 , 0 )
^  ; ( 0 , 0 )
Class Va
Find the equations o f the normal l in e s  to the given curve which are 
para lle l to  the given l in e :
3x^+4x-6, 2x+5y=l xy+2x-y=0, 2x+y=0
x^, 3x+16y+17=0 x^-y^=5, 2x+3y=0
Note. See Figure 7.
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Note tha t a l l  o f  the equivalence classes on Level I re fe r  to 
previous hierarch ies. Some o f  these previous hierarchies have been 
constructed in  th is  study, e .g ..  D if fe re n t ia t io n  o f  Algebraic Functions 
and Im p l ic i t  D i f fe re n t ia t io n .  Others, namely Ic ,  Id , le  and I f ,  have 
not. These hierarchies are ca lled  Prerequ is ite  Hierarchies or Sub­
hierarchies and, even though they were not constructed in  the present 
study, they were assumed to e x is t .  An Equation Prerequ is ite  Hierarchy, 
fo r  example, could have been constructed by co l le c t in g  a l l  equations 
generated by task analysis across the content un its  and using task 
analysis to create a superset o f  items, equations and th e i r  prerequi­
s i te s .  An HLEC could have been constructed on the Hierarchy o f  Levels 
o f  th is  superset and a Hierarchy o f Equation Solving produced. Pre­
re q u is i te  hierarchies are discussed again in  Chapters IV and V.
Of the nine HLEC constructed in  th is  study, a l l  except Related 
Rates and Applications o f  Extrema are analogous to the two described 
above. The special cases o f  Related Rates and Applications o f  Extrema 
are treated la te r  in  th is  chapter. The key ro le  o f  the HLEC is  tha t i t  
implies two other h ie rarch ies, the Hierarchy o f  Levels o f  s k i l l s  (HLS) 
and the Hierarchy o f Levels o f  Representatives (HLR), which are d is ­
cussed below.
The v a l id i t y  o f  the c la s s i f ic a t io n  scheme used in  the HLEC con­
s tru c t io n  was then checked. I t  was evident tha t the assignment o f 
exercises to leve ls  presents no real problems, since reanalysis reveals 
tha t the f i r s t  step in  the so lu tion  o f  a Level i  problem was to reduce 
i t  v ia  some theorem or technique o f  calculus to a Level ( i - 1 )  problem. 
Furthermore, the question o f  the v a l id i t y  o f  the assignment o f  exercises
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to leve ls  is  very much a h ie rarch ica l one and can be reexamined in l i g h t  
o f the empirical va l ida tion  o f  the Logical Hierarchies discussed la te r  
in th is  chapter. The log ica l p a r t i t io n in g  o f  levels was, however, not 
always as c le a r -c u t .  T h eore tica lly , even when measurement error is 
contro lled fo r ,  no two items are t r u ly  equivalent according to the 
above d e f in i t io n  o f  equivalence. There is c e r ta in ly  a student in some 
population who can le g it im a te ly  do one o f  two exercises in a hypothesized 
equivalence class but not the o ther. Thus the only absolute ly  va l id  
p a r t i t io n  o f  a leve l would be in to  s ingleton equivalence classes. This, 
however, does not produce a very useful taxonomy whereas the log ica l 
scheme described above does. With th is  in mind, the HLEC c la s s i f ic a t io n  
scheme was reviewed. F i r s t ,  the c la s s i f ic a t io n s  were checked with those 
implied in the development o f top ics  by authors o f  leading calculus te x t ­
books. This was re a l ly  a rechecking ra ther than a checking since one 
o f these calculus books was used to generate the o r ig in a l sets o f  items. 
Second, the c la s s i f ic a t io n s  were checked with those used in  the calculus 
testing center a t  UNH. The tes t ing  center c la s s i f ic a t io n s  are used to 
generate tests fo r  various calculus content units and many o f  the question 
types were very s im ila r  to the ones used in the present work. Th ird , the 
HLEC fo r  each content u n it  was duplicated and d is tr ib u te d  to the group o f  
experts mentioned above. Included w ith each HLEC was a complete descrip­
t io n  o f  i t s  lo g ic .  Copies o f the HLEC were sent in the form o f worksheets 
and the experts were encouraged to "mark-up" these sheets wherever comment 
or suggestion was deemed appropria te. The log ica l structures were then 
revised based on th is  inp u t. F in a l ly ,  a p i l o t  study was conducted on the 
revised HLEC fo r  D i f fe re n t ia t io n  o f  Algebraic Functions, Figure 6 . The
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ra tiona le  o f  th is  study was as fo l lo w s . Each equivalence class was 
completely reanalyzed and subdivided in order to produce a f in e r  p a r t i ­
t ion  o f  each le v e l.  For example, the subdivisions o f  class I I I c  o f  
Figure 6 are shown in Table 10.
Table 10
Subdivisions o f  Equivalence Class I I I c  
D i f fe re n t ia t io n  o f  Algebraic Functions













I l l C g
jjL -1  3x3-7x2+4x+3
2 ------
x 2
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TABLE 10 -  continued
I I IC 3
3x^-x+2 3t+4 2w+5
4x^+5 5t-7 7w-9
y3-l 3x2-5 x 2 - 6
v ^+1 2x2+7 3x^-x+l






The im p lica t ion : (1) C is  an equivalence class implies th a t  a l l
items w ith in  a p a r t icu la r  subdivision o f  C are equivalent, c e r ta in ly  
holds. The fo llow ing im p lica t io n : (2) i f  is  the set o f
subdivisions o f C and ij^ fo r  k e { 1 , 2 , 3 , . . . ,n} are such tha t 
i|^ E C|^  then i j  is  equivalent to ij^ fo r  a l l  j ,  k e { 1 ,2 ,3 , . . . , n } ,  
implies th a t C is an equivalence c lass; was used to determine whether 
each equivalence class was v a l id .  Note tha t im p lica tion  (2) is  c lose ly  
re la ted to  the converse o f  im p lica tion  (1 ) .  P ractica l considerations 
prohib ited the breaking down o f  each equivalence class in to  sing le ton 
subdiv is ions. I t  was also believed th a t such an extensive breakdown was 
not necessary. As i l lu s t ra te d  by Table 10, equivalence class I I I c  has 
been divided in to  three subdiv is ions. I t  was observed th a t even though 
each func tion  o f I I I c  is  a quotient o f Level I  or Level I I  fun c tion s , there 
may be subtle  differences created by the nature o f the numerators and denom­
ina to rs . For example, d iffe rences may a r ise  when numerator or denominator
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contains a s ing le addend or when numerator is  constant. The three sub­
d iv is ions  shown in  Table 10 contro l fo r  these and other possible d ifferences 
Each equivalence class o f  each level was subdivided in  a s im i la r  way. One 
or more items, depending upon the size o f  the subdiv is ion, were chosen from 
each subdiv is ion. Using these items, a p i lo t  te s t  was generated and 
administered to  a sample o f f i r s t  year calcu lus students a t UNH. The 
v a l id i t y  o f  each equivalence class was then determined by im p lica t ion  (2 ) .
In other words, i t  was expected tha t the response pattern to the set o f 
items from the subdivisions o f  a given equivalence class would be a l l  
items correc t or a l l  items in co rre c t ,  given tha t the proper preconditions 
had been s a t is f ie d ;  namely, tha t the student had demonstrated competency 
on a l l  lower le ve ls .  In general, the re su lts  were favorable and each 
equivalence class was accepted.
As stated in Chapter I ,  the goal o f  th is  p ro jec t was to gain a 
"conceptual understanding o f student learn ing o f  (D i f fe re n t ia l )  Calculus" 
by constructing an "organized s truc tu re  o f  knowledge" fo r  th is  subject.
The next step in th is  study was to use the HLEC to produce the log ica l 
version o f  th is  s truc tu re  o f knowledge fo r  each content u n i t .  Recall 
tha t the members o f each equivalence class are equivalent under the 
condition tha t a l l  lower level items have been mastered. Thus each 
equivalence class introduces one or a few new s k i l l s .  Each item in the 
new equivalence class requires the new s k i l l  or s k i l l s  as well as one or 
more s k i l l s  contained in  lower level c lasses. Using these ideas, a 
Hierarchy o f Levels o f  S k i l ls  (HLS) was constructed by abstracting from 
each equivalence class i t s  new s k i l l ( s )  and h ie ra rc h ic a l ly  arranging th is  
set o f  abstractions in the way d ic ta ted  by the HLEC. Figure 8 contains 
the HLS fo r  D if fe re n t ia t io n  o f  Algebraic Functions. For example, I l l b
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describes the s k i l l  o f  d i f fe re n t ia t in g  a power o f  a func tion .
The HLS is  l i k e  the Learning Hierarchy as described by Gagne 
(1970) where he considers the statements included in  the "boxes" as 
descriptions o f  "what the learner is  able to do when learning has been 
accomplished" (p . 238). These descrip tions must communicate unambigously 
to the reader the c a p a b i l i ty  invo lved. The HLS accomplishes th is .  An 
ob jective statement o f each s k i l l  is  provided by the HLS which is  backed- 
up by an equivalence class o f  items in the HLEC which o r ig in a l ly  implied 
the s k i l l .  In th is  way, the HLS is  considered to be the log ica l s truc tu re  
o f knowledge fo r  each content u n i t .  The set o f HLS fo r  the nine content 
un its  can be arranged h ie ra rc h ic a l ly  as shown in  Figure 9. This Hierarchy 
o f Levels o f  Hierarchies o f Levels o f  S k i l ls  is the Logical Structure o f 
Knowledge fo r  D if fe re n t ia l  Calculus.
The Empirical Analysis
As described above, the HLS is  the log ica l version o f  the s truc ­
ture o f knowledge fo r  each content u n i t .  This section discusses the 
methodology developed fo r  the d i re c t  and in d ire c t  study o f  the HLS.
Various associated hierarchies were constructed fo r  each HLS. In l i g h t  
o f these associated h ie rarch ies, empirical techniques were developed to 
iso la te  key theory-re levant points where log ica l reanalysis was needed.
The resu lts  o f  th is  log ica l reanalys is then were used to construct the 
log ica l-em p ir ica l structures o f  knowledge.
The empirical framework used in th is  analysis is  e s se n t ia l ly  an 
extension o f  the Order Theoretic procedures o f  A irs ian  and Bart (see 
Chapter I I )  combined with some basic ideas from the theories o f  Equivalence














Computation of f*(x) 
Via the Definition of 
Derivative
Units.
Figure 9. Hierarchical Organization of Content
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Classes (MacLane & B irkh o ff ,  1967) and Directed Graphs (Harary, Norman,
& Cartwright, 1965). The f i r s t  step was to construct a Hierarchy o f  
Levels o f Representatives (HLR) fo r  each HLS from i t s  HLEC. A repre­
sentative o f  an equivalence class is  simply an element o f the c lass.
In th is  case, a representative is  an exercise chosen from an equivalence 
class of exercises. For example. Figure 10 contains the HLR fo r  
D i f fe re n t ia t ion o f  Algebraic Functions. The representative o f  s k i l l  IVa
is f ( x )  = (see equivalence class IVa, Figure 6 ) .  The HLR
V 3XT-X+1
fo r  each u n i t  was thus constructed by choosing one exercise from each o f 
i t s  equivalence classes. Now, w ith in  the conditions o f the theory, the 
a b i l i t y  to do any one exercise in  an equivalence class implies the a b i l i t y  
to do the e n t ire  c lass. Thus the a b i l i t y  to do each exercise in a HLR 
implies the a b i l i t y  to do a l l  o f  the exercises in  the corresponding HLEC. 
This, in tu rn ,  implies complete mastery o f  each s k i l l  in the HLS. Since 
an equivalence class is  completely determined by each o f i t s  representa­
t ives , the representatives can be chosen in any way. In th is  study, 
they were chosen so as to f a c i l i t a t e  tes t ing  and maximize empirical 
v a l id i t y .  In Figure 10, a l l  items bu ild  on items la and I la  w ith level 
n items bu ild ing  on level (n -1 ) items.
In summary to th is  po in t,  the goal o f th is  research was to produce 
a lo g ic a l ly  and em p ir ica l ly  v a l id  model fo r  student learning o f ca lcu lus . 
The HLS which was implied by the HLEC is  the lo g ica l f i r s t  step towards 
th is  end. In order to make an empirical study o f  the HLS possib le, the 
Theory o f Equivalence Classes was used to produce the HLR. The HLR is  a 
tremendous reduction in items but w ith in  the Theory o f  Equivalence Classes 
important properties o f  the HLS can be discovered by studying the HLR.
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The balance o f  th is  section describes the development o f  the empirical 
methodology through which the HLR, and thus the HLS, was studied.
The HLR was made in to  an ordered set by means o f  the prerequi­
s i te  re la t io n .  For the HLR o f  each content u n i t ,  an item by item pre­
re q u is ite  m atr ix  was constructed. (A square matrix A is  a p re requ is ite  
matrix i f  fo r  a l l  1 and j , a . j  = 1 or a^^ = 0, and a^ ..j = 1 .) Table 11 
contains the p rerequ is ite  matrix  fo r  the HLR o f  D if fe re n t ia t io n  o f  
Algebraic Functions (see Figure 10). The ( i , j ) ^ ^  entry  o f  th is  m atrix  
is  "0" i f  and only i f  item i  is  not lo g ic a l ly  p re requ is ite  to item j  and 
the ( i , j ) ^ ^  en try  is  "1" i f  and only i f  item i is  lo g ic a l ly  p re requ is ite  
to item j .  This matrix defines the log ica l p re requ is ite  re la t io n  on the 
set o f representa tives.
The next step was to make the prerequ is ite  re la t io n  in to  a p a r t ia l  
order. A re la t io n  is  a p a r t ia l  order i f  i t  is  re f le x iv e ,  t ra n s i t iv e ,  and 
antisymmetric. The p rerequ is ite  re la t io n  as i t  is  defined above is  
re f le x iv e  and antisymmetric but not necessarily t r a n s i t iv e .  A prerequi­
s i te  re la t io n  is  t ra n s i t iv e  i f  and only i f  i t s  associated pre requ is ite  
matrix is  t r a n s i t iv e .  A p re requ is ite  matrix A is  t ra n s i t iv e  i f  a..j = 1
and = 1 implies a = 1, i . e . ,  i f  i  is  p rerequ is ite  to j  and j  is
p rerequ is ite  to k then i is  p re requ is ite  to k. For example, the matrix 
E o f  Figure 11 is  not t ra n s i t iv e  since e^g " 1 and egg = 1 but e^g = 0.
An algorithm was developed to generate hierarch ies from pre requ is ite  
matrices. The same algorithm can be used to  resolve t r a n s i t i v i t y  
problems. Under th is  a lgorithm , each prerequ is ite  matrix generates a 
hierarchy which is  re ferred to as the hierarchy o f  tha t m atr ix . ( I t
should be noted tha t Digraphs (Harary e t  a l . ,  1965) are being produced.)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
74
Table 11 
Prerequis ite  M atrix  o f  the HLR 
D if fe re n t ia t io n  o f  Algebraic Functions
Itan
I la
I l i a
I l l b






1 2 3 4 5 6 2 3 4 5 6
1 1 1 0 1 0 1 2 1 1 1 1 1
2 0 1 1 1 1 1 3 0 1 0 0 0
3 0 0 1 0 0 1 4 0 0 1 1 1
4 0 0 0 1 1 1 5 0 0 0 1 0
5 0 0 0 0 1 0 6 0 0 0 0 1
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3 4 5 6
3 1 0 0 1
4 0 1 1 1
5 0 0 1 0









Hierarchy o f  leve ls  o f  E
1 2 3 4 5 6
1 1 1 1 1 1 1
2 0 1 1 1 1 1
3 0 0 1 0 0 1
4 0 0 0 1 1 0
5 0 0 0 0 1 0
6 0 0 0 0 0 1
(e)
Hierarchy o f  E
( f )
Matrix  E', the Matrix o f  
the hierarchy o f  E
Figure 11. Example o f  the construction o f  hierarchies from pre­
requ is ite  Matrices and p re requ is ite  Matrices from h ierarch ies.
The hierarchy o f  a matrix is  s im ila r  to a h ierarchy o f  leve ls  but has 
the add itiona l property tha t there e x is t l in e  segments or paths o f  l in e  
segments between certa in  items on ce rta in  le v e ls .  An ascending segment 
or path o f  ascending segments from item i  to item j  means th a t item i  is  
p rerequis ite  to item j . The app lica t ion  o f  th is  algorithm to a prerequi­
s i te  matrix E is  i l lu s t ra te d  in  Figure 11.
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The f i r s t  step in  th is  app lica t ion  is  to construct a hierarchy 
o f le v e ls .  For matrix E, e^j = 0 fo r  a l l  i  t  j ,  i . e . ,  i f  i tan  j  has 
no pre requ is ites , implies tha t item j  is  on Level 1. In th is  case.
Level 1 contains item 1. To determine Level 2, the rows and columns
corresponding to Level 1 items are deleted ( in  th is  case, row 1 and
column 1 are deleted) and a new m atr ix ; matrix E-|, Figure 11b; o f  appro­
p r ia te  lower dimension is  created. Continuing, items from matrix E-| 
w ith no prerequis ites determine Level 2, in  th is  case item 2 is  Level 2, 
and appropriate rows and columns are de leted. Matrix Eg, Figure 11c, 
fo l low s . This analysis continues u n t i l  a l l  rows and columns are deleted. 
The hierarchy o f  leve ls  o f  E, Figure l i d ,  is  thus produced. The h ie r ­
archy o f  E is  now constructed by assigning ascending segments to the
hierarchy o f  le v e ls .  F i r s t ,  a segment is  drawn from item i  in  Level 1 
to i ta n  j  in  Level 2 i f  and on ly i f  e . j  = 1. Segments are drawn from 
Level (n-1) to Level n in  a s im ila r  fash ion. Next, each item j  on 
Level 3 is  examined. For each item i  w ith e . j  = 1 (such items are 
necessarily on leve ls  one or two) an ascending segment or path o f 
ascending segments must e x is t  (and there fore  is  drawn in  i f  necessary)
from item i  to item j .  Items on Level n fo r  n > 3 ( in  th is  case,
level 4) are s im i la r ly  examined. The hierarchy o f  matrix E, Figure H e , 
is  thus produced. F in a l ly ,  the hierarchy o f  matrix E is  used to generate
matrix E ', the matrix o f  the hierarchy o f  E, Figure I l f ;  where e '^ j  = 1
i f  and only i f  there is  an ascending segment or path o f  ascending 
segments from item i to item j ,  e '^ j  = 0 otherwise.
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This algorithm applied to the P rerequ is ite  Matrix o f  the HLR o f  
D i f fe re n t ia t io n  o f  Algebraic Functions, Table 11, yie lded the Logical 
Hierarchy, Figure 12 and the matrix o f  the Logical Hierarchy, called 
the Logical Prerequis ite  Matrix (see Table 12).
IVa IVc
IVd
I la I l i a
la
Figure 12. Logical Hierarchy o f  Representatives, D if fe re n t ia t io n  
o f Algebraic Functions.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
78
Table 12 
Logical P rerequ is ite  Matrix 
D if fe re n t ia t io n  o f  Algebraic Functions
Item
la I la I l i a I l l b I I I c I l l d IVa IVb IVc IVd Va
la 1 1 1 1 1 1 1 1 1 1 1
I la 0 1 0 1 1 1 1 1 1 1 1
I l i a 0 0 1 0 0 0 1 1 1 1 1
I l l b 0 0 0 1 0 0 0 1 1 0 1
I I I c 0 0 0 0 1 0 1 1 0 0 0
I l l d 0 0 0 0 0 1 0 0 1 0 0
IVa 0 0 0 0 0 0 1 0 0 0 0
IVb 0 0 0 0 0 0 0 1 0 0 0
IVc 0 0 0 0 0 0 0 0 1 0 0
IVd 0 0 0 0 0 0 0 0 0 1 1
Va 0 0 0 0 0 0 0 ■ 0 0 0 1
Returning to the problem o f  t r a n s i t i v i t y ,  a p rerequ is ite  matrix 
is  t ra n s i t iv e  i f  and only i f  i t  equals the m atrix  o f  i t s  h ie rarchy--the 
points o f n o n tra n s i t iv i ty  are the points o f  disagreement. By th is  
c r i te r io n ,  the matrix E is  not t ra n s i t iv e  since e^^ = 0 but e'^g = 1; 
but the p re requ is ite  matrix o f  D if fe re n t ia t io n  o f  Algebraic Functions 
is t ra n s i t iv e .  This ( t r a n s i t iv e )  matrix is  ca lled  the Logical Prerequi­
s i te  Matrix.
As stated above, the hierarchy described in  Figure 12 is  the 
hypothesized Logical Hierarchy o f  Representatives fo r  D if fe re n t ia t io n  o f 
Algebraic Functions. In order to obtain student data on th is  h ierarchy.
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a problem sheet was constructed whose items were the items o f  the HLR 
(see Figure 10). This problem sheet was administered to a calculus 
(Math 425) class taught by th is  researcher a t UNH during the summer 
session, 1978. This course met each Monday and Wednesday evening from 
6:30-8:00 p.m. fo r  e ight weeks. The problem sheet fo r  Algebraic 
Functions as well as the sheets fo r  the other content un its  were 
required work fo r  th is  course. One sheet per class was d is tr ib u te d  
during each o f  the f i r s t  four weeks, and the f in a l  sheet was assigned 
during the seventh week o f  the course. Students were to ld  tha t each 
sheet would be corrected but no grade assigned. The h ie rarch ica l 
nature o f  the sheets was explained and students were ins truc ted to work 
c a re fu l ly  but alone on each sheet. Corrected sheets were returned to 
students but a l l  sheets were reco llected by th is  researcher during the 
la s t  c lass. Students were a b i t  "stunned" i n i t i a l l y  by the fa c t  th a t 
d a i ly  w r i t te n  work would be required in  a "co llege" math course. They, 
however, qu ick ly  understood the " lo g ic "  o f  the sheets and th e i r  value in  
learning a previously dreaded subject appeared to become progressively 
more obvious to the c lass. A fte r  each sheet was co lle c te d , complete 
so lu tions to the problems were posted and ind iv idua l questions answered. 
Sheets which were passed in  la te  were corrected but not included as data. 
This, along w ith student a t t r i t i o n ,  accounts fo r  a va r ia t io n  from un it  
to u n i t  in  the number o f  students used in  the analyses.
Based on Learning Hierarchy Theory and Order Theory, an extended 
sequence o f matrices and hierarchies was devised to analyze the data.
This sequence tested hypothesized pre requ is ite  re la t ionsh ips  and 
generated new re la t ionsh ips  among items. Continuing w ith the example
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of D if fe re n t ia t io n  o f Algebraic Functions, the raw data is  summarized 
in the Student Response Matrix (Table 13).
Table 13 
Student Response Matrix 





la I la  I l i a I l l b
i  OCIIi
I I I c  I l l d IVa IVb IVc IVd Va
1 1 1 0 1 1 1 0 0 0 0 0
2 1 1 0 1 0  1 1 0 0 1 1
3 1 1 1 1 1 1 1 1 1 1 1
4 1 0 1 1 1 1 1 1 1 1 1
5 1 1 1 1 1 1 0 1 1 0 0
6 1 0 1 1 0 0 0 0
7 1 1 1 1 1 1 0 1 1 1 0
8 1 1 1 1 1 1 1 1 1 1 1
9 1 1 1 1 1 0 1 1 1
10 1 1 1 1 1 1 1 - 0 1 1 1
11 1 1 1 1 1 1 1 1 1 1 1
12 1 1 1 1 1 1 1 1 1 1 1
13 1 1 0 1 1 0 0 0 0
14 1 1 1 1 1 1 1 0 1 1 1
15 1 0 0 0 0 0 0
16 1 1 1 1 1 1 1 1 1 1 1
17 1 1 1 1 1 1 1 1 1 1 1
18 1 1 1 1 1 0 1 1 1 0 1
19 0 0 0 0 0 0
2 0 1 1 1 1 1 1 1 1 1 1 1
21 1 1 1 1 1 1 0 1 1 1 0
22 1 1 0 1 1 0 0 1 1 0
23 1 0  1 1 0 0 0 0 1 0
24 1 1 0 1 1 1 0 0 0 0 0
25 1 1 0 0 0 0 0
26 1 1 1 1 1 1 1 1 1 1 1
27 1 0 0 0 0 0 1 0
28 1 1 1 1 1 1 1 1 1 1 1
29 1 0 0 0 0 0 0 0
30 1 1 1 1 1 1 1 0 1 1 1
31 1 1 1 1 1 1 1 1 1 1 1
32 1 1 0 1 1 1 1 0 1 1 1
33 1 1 1 1 1 1 1 1 1 1 1
34 1 1 1 1 1 1 1 1 1 1 1
31 28 23 25 28 27 20 17 23 24 20
Note. a j j  = 1 means item j  fo r  subject i  is  acceptable, 
a.jj = 0 means item j  fo r  subject i is  not acceptable.
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This data was then analyzed by means o f  a computer program fo r  
Order Theory w r i t te n  by Bart, Lele and Antonak (1976). Tolerance leve ls  
o f  .05 and .10 were used. This analysis yie lded the item by item d is -  
conformity m atrix  given in  Table 14.
Table 14 
Matrix o f  % o f  Disconformity 
D if fe re n t ia t io n  o f  Algebraic Functions
E
0)
la I la I l i a I l l b
item
I I I c  I l l d IVa IVb IVc IVd Va
la 0 5.9 2.9 0 2.9 2.9 0 0 0 0 0
I la 14.7 0 5.9 2.9 5.9 2.9 2.9 2.9 2.9 8.8 2.9
I l i a 26.5 20.6 0 11 .8 19.6 20.6 5.9 0 5.9 11 .8 5.9
I l l b 17.6 11.8 5.9 0 11.8 8.8 0 0 2.9 8.8 0
I I I c 11.8 5.9 2.9 2.9 0 2.9 2.9 0 0 5.9 2.9
I l l d 14.7 5.9 8.8 2.9 5.9 0 2.9 2.9 2.9 5.9 2.9
IVa 32.4 26.5 14.7 14.7 26.5 23.5 0 8.8 11 .8 14.7 0
IVb 41 .2 35.3 17.6 23.5 32.4 32.4 17.6 0 17.6 26.5 17.6
IVc 23.5 17.6 5.9 8.8 14.7 14.7 2.9 0 0 8.8 2.9
IVd 20.6 20.6 8.8 11 .8 17.6 14.7 2.9 5.9 5.9 0 2.9
Va 32.4 26.5 14.7 14.7 26.5 23.5 0 8.8 11 .8 14.7 0
Recall th a t  sub ject k is in  d isconform ity  to the re la t io n sh ip  item i  is 
prerequis ite  to item j  i f  the ( k , i ) ^ ^  entry o f  the Student Response Matrix 
(Table 13) is  "0" and the ( k , j ) ^ ^  entry  is  "1 ."  Two empirical p re requ is ite  
matrices, one a t the .05 level and one a t  the .10 le v e l,  were constructed 
from Table 14. These matrices are given in  Table 15.
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Table 15 
Empirical P rerequ is ite  Matrices 
D i f fe re n t ia t io n  o f  Algebraic Functions
Item
Ila  
I l i a  
I l l b  
I I I c  







Note. .1 0 leve l
Itan
I la
I l i a
I l l b
I I I c
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The matrix o f Item D i f f i c u l t ie s  (Table 16) was then constructed from the 
Student Response Matrix (Table 13), where the.Item D i f f i c u l t y  o f  item j  
is given by the quotient
n
Item D i f f i c u l t y  o f  Item j  = 7 a . ,  /n ,
i= l IJ
i . e . ,  the to ta l number o f  acceptable responses divided by the to ta l number 
o f responses.
Table 1 6 
Matrix o f Item D i f f ic u l t ie s  
D if fe re n t ia t io n  o f Algebraic Functions
la I la I l i a I l l b I I I c I l l d IVa IVb IVc IVd Va
.91 .82 .68 .74 .82 .79 .59 .50 .68 .71 .59
The Logical P rerequis ite  Matrix (Table 12) was then validated a t  
the .05 le v e l.  This va l id a t io n  was accomplished by comparing Tables 12 
and 15(a) and noting places where the ( i , j ) ^ * ^  log ica l en try  (Table 12) is  
"1" but the corresponding empirical entry (Table 15(a)) is  "0 ."  In fo r ­
mation on the observed d isconform ities is summarized in  Table 17.




D if fe re n t ia t io n  o f  Algebraic Functions
HYPOTHESIZED SUBJECTS IN
RELATIONSHIP % OF DISCONFORMITY DISCONFORMITY
la I la *  5.9 6,25
I la  I I I c  5.9 4,23
I la  - t-  IVd 8.8 4,23,27
I l i a  -H- IVa 5.9 2,32
I l i a  f -  IVc 5.9 22,32
m a t -  IVd 11 .8 2,22,27,32
I l i a  t -  Va 5 .9  2,32
*Recall, la t — j j a  means la is  p re requ is ite  to ( im p lied  by) I l a .
Each disconformity re la t ionsh ip  was then reanalyzed. (Note tha t the ro le
!
o f item d i f f i c u l t i e s  in th is  reanalysis is important, since extremely
I"'
; easy superrequisites or extremely d i f f i c u l t  prerequis ites are more
:
l ik e ly  to cause disconformity by chance.) For example, in the above 
chart (Table 17), la t ^  I la  is  in  d isconform ity, w ith  exceptions being 
subject 6 and subject 25. Reanalysis o f the responses o f these students 
yielded the fo llow ing  observations:
1. For item la ,  subject 6 d i f fe re n t ia te s  f ( x )  = 3x - x + 1 by
D x ( 3 x ^ ) - D x ( x ) + D x ( l )
I: 2 (3xT)-l(x°)+0  =
6x-l
The error in  the d i f fe re n t ia t io n  o f the f i r s t  term appeared
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due to carelessness which was not repeated in  I la  where 
f ( x )  = x"^ + and f  (x) was computed
Dx(x"^)+Dx(2x^/^) =
- 2 x - 3 + 2 ( l ) x T / 3 - 1  =
_2k-3 + |x -2 /3  =
2 . 2 
" x '
2. For item la ,  subject 25 computes the d e r iva t ive  o f 
f ( x )  = 3x^ - X +1 as fo llows
f ' ( x )  = 3(3x)3"T-x+0=9x2-x 
In th is  case, the erro r in  the d i f fe re n t ia t io n  o f  the 
second term appeared due to carelessness which was 
not repeated in  I la  where f ' ( x )  was computed 
f ' ( x )  = - 2 (x)-Z-T+2 ( l ( x ) T / 3 -T)
= 2x"^ + = — I  +
3 x3 3X-2/3
Since a l l  d isconform ity to la <—  I la  was re jec ted , the re la t io n  was 
accepted. The d isconform ities I la  -<—  I I I c ,  I la  —  IVd, I l i a  -<—  IVc, 
and I l i a  —  Va also were due to carelessness and re jec ted . In v e s t i ­
gation o f disconform ity to  I l i a  4—  IVd was more in te re s t in g .  The discon­
fo rm it ies  o f  subject 22 and subject 32 were due to carelessness and
re jected. The remaining d isconform ities yielded the fo llow ing 
observations.
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1. For subject 2 in  item I l i a ,  f ( x )  = \ 6 x ^ - x + l  y ie lded
f  (x) = \ l  9 x ^ - 1
but in  IVd,
was handled
f ( x )  = '^ 3 x ^ -x + l + 1
f ( x )  = l< 3 x3 -x+ l) -3 /4 (9 x2 - l)
This, along w ith the examination o f other work which had occurred between 
these items, made i t  c lear th a t learning had taken place during the pro­
cess o f the worksheet and th is  d isconform ity was re jected .
2. The d isconform ity o f  subject 27 was also caused by 
learn ing and re jec ted .
F in a lly ,  the disconform ity o f  subject 2 to  I l i a  -<— Va was a t t r ib u te d  to 
learning and th a t o f  subject 32 to carelessness. Since a l l  d isconform ity 
to Table 6 was re jec ted , the Logical P rerequ is ite  Matrix o f D i f fe re n t ia ­
t ion  o f Algebraic Functions was considered v a l id .a t  the .05 le v e l.
In general, empirical d isconform ities to  lo g ic a l ly  hypothesized 
re la t ions  were examined c a re fu l ly  and re jected only a f te r  analysis of 
ind iv idual d isconform ity. There were b a s ica l ly  two reasons fo r  the 
re jec tion  o f  a d isconform ity . The f i r s t  was carelessness in  a pre­
re qu is ite  which was not repeated in  i t s  superrequ is ite . The volume of 
items used in  th is  experiment and the desire to  perform the experiment 
in a classroom se tt ing  necessitated tha t te s t in g  be done by means o f
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[ take-home sheets. The sheets were c a re fu l ly  designed but many were quite
! long. Also, since grades were not being assigned, students worked qu ick ly
i ' and, in  some cases, ca re less ly . This necessitated the reanalysis and, in
;
i some cases, re je c t io n  o f  empirical d isconform ity . I t  was f e l t  th a t  the
I advantages o f  gathering data in  a natural s e t t in g  with l i t t l e  experimental
influence made th is  a small concession. The second reason fo r  the re je c ­
tion  o f  empirical disconform ity was the occurrence o f  learn ing in  the 
■ process o f  worksheet completion. This phenomenon was quite prevalent in
a l l  content un its  and i t s  occurrence is discussed in  de ta il in  Chapter IV. 
Overall, since worksheets were arranged h ie ra rc h ic a l ly ,  the occurrence o f  
substantial amounts o f learn ing is  believed to support h ie rarch ica l 
v a l id i t y .  A lso, as is discussed in  Chapter IV, empirical d isconform ity 
i was not always re jec ted . Instances o f accepted d isconform ity generally
f e l l  in to  one o f  two categories. One, hypothesized re la t ions  which 
simply do not e x is t ,  i . e . ,  fa u l ty  lo g ic ;  and two, re la t ions  in which 
disconformity was caused by the nature o f  the items. An example o f  the 
la t te r  case might be a re la t io n  in  which the representative o f  the pre­
requ is ite  s k i l l  measured the s k i l l  o f  evaluating an expression using a 
negative number where as the representative o f  the superrequis ite s k i l l  
required evaluation with a p o s it iv e  number. In the f i r s t  category, the 
log ica l re la t io n  was rejected and in  the second category, items were 
appropria te ly revised. Many examples o f  these s itu a t io n s  can be found 
in Chapter IV.
Relations suggested by the data but not lo g ic a l ly  hypothesized,
I ■
* where "suggested by the data" means supported a t  the .10 le v e l,  are also
p
I important. In the case o f  D if fe re n t ia t io n  o f  Algebraic Functions, these
are precise ly the re la tions  whose matrix en tr ies  in  Table 15(b) are "1"
1
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but whose corresponding entries in  Table 12 are "0 ."  Once id e n t i f ie d ,  
unhypothesized re la t io n s  were reanalyzed. Item d i f f i c u l t i e s  play a key 
ro le  in acceptance o r re je c t io n  o f  unhypothesized re la t io n s .  An extremely 
easy item ( d i f f i c u l t y  > .90) is  necessarily  p re requ is ite  to a l l  items 
whereas an extremely d i f f i c u l t  item ( d i f f i c u l t y  < .10) is  necessarily 
superrequisite to a l l  items (a t  the .10 le v e l ) .  Student responses also 
were checked and the nature o f the items involved stud ied. Based on 
th is  reanalysis, each unhypothesized re la t io n  was e ith e r  accepted or 
re jec ted . The re su lts  o f  th is  analysis fo r  D i f fe re n t ia t io n  o f  Algebraic 
Functions are contained in Table 18.
Table 18
Unhypothesized Relations a t the .10 Level
D i f fe re n t ia t io n  o f  Algebraic Functions 
Item
I la
I l i a
I l l b
I I I c





Note "a" means accepted, " r "  means re jected,
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A byproduct o f th is  analysis was the observation tha t I la  measures two 
s k i l l s :  the a b i l i t y  to d i f fe re n t ia te  x"^ and the a b i l i t y  to d i f fe re n t ia te
2x^/^. There is a po in t in  th is  sequence where item changes are considered; 
in the case o f item I l a ,  the fo llow ing  items were added as general prerequi­
s ites :
1. D if fe re n t ia te  f ( x )  = x“ ^.
2. D if fe re n t ia te  f ( x )  = 2x^^^.
Table 18 and the va lidated Logical Prerequ is ite  M atr ix , Table 12, yielded 
the matrix o f  accepted re la t io n s  given in Table 19.
4J
Table 19 
Matrix o f  Accepted Relations 
D if fe re n t ia t io n  o f  Algebraic Functions
la I la I l i a I l l b
Item
I I I c I l l d IVa IVb IVc IVd Va
la 1 1 1 1 1 1 1 1 1 1 1
I la 0 1 1 1 1 1 1 1 1 1 1
I l i a 0 0 1 0 0 0 1 1 1 1 1
I l l b 0 0 1 1 0 0 1 1 1 1 1
I I I c 0 0 0 0 1 0 1 1 0 0 0
I l l d 0 0 0 0 0 1 0 0 1 0 0
IVa 0 0 0 0 0 0 1 0 0 0 0
IVb 0 0 0 0 0 0 0 1 0 0 0
IVc 0 0 0 0 0 0 1 1 1 0 0
IVd 0 0 1 0 0 0 1 1 1 1 1
Va 0 0 0 0 0 0 1 0 0 0 1
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Items which according to Table 19 were equivalent, i . e . ,  items which were 
mutually prerequ is ite  were noteworthy. Since the occurrence o f  an equi­
valence may ind ica te th a t the same s k i l l  is  being measured by two items, 
these s itua t ions  were c a re fu l ly  reexamined. In th is  case, items I l i a  
and IVd are em p ir ica lly  equivalent. As observed above, the fa c t  tha t the 
deriva tive  is  a l in e a r  operator does not e f fe c t  student work a t th is  level 
and the empirical resu lts  have confirmed th is .  Consequently, item IVd 
was deleted.
To th is  po in t, a revised item l i s t  has been produced along with a 
prerequis ite  re la t io n  defined on th is  set o f  items. This re la t io n  has 
both log ica l and empirical foundations since i t  was based on an empirical 
investiga tion  o f  lo g ic a l ly  hypothesized re la tionsh ips  followed by a l o g i ­
cal analysis o f em p ir ica l ly  generated re la t io n sh ip s , i . e . ,  re la tionsh ips 
o f low (< .10) d isconform ity and re la t ionsh ips  implied by t r a n s i t i v i t y .  
(Thus fa r  in  the example o f  Algebraic Functions, t r a n s i t i v i t y  has not 
been a problem. However, as is  shown below, t r a n s i t i v i t y  is  not always 
sa t is f ie d  and new re la t ionsh ips  are generated.) This information is  
summarized in the Revised Prerequis ite M atr ix , Table 20. The hierarchy 
of th is  matrix is  given in  Figure 13 and the matrix o f  Figure 13, which 
is called the Logical-Empirical Prerequis ite  M atrix , is  given in Table 21.
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Revised Prerequis ite  Matrix 
D if fe re n t ia t io n  o f  Algebraic Functions
Item
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la I la I l i a I l l b I I I c I l l d IVa IVb IVc Va
la 1 1 1 1 1 1 1 1 1 1
I la 0 1 1 1 1 1 1 1 1 1
I l i a 0 0 1 0 0 0 1 1 1 1
I l l b 0 0 1 1 0 0 1 1 1 1
| I I I c 0 0 0 0 1 0 1 1 0 0
- I l l d 0 0 0 0 0 1 0 0 1 0
IVa 0 0 0 0 0 0 1 0 0 0
IVb 0 0 0 0 0 0 0 1 0 0
IVc 0 0 0 0 0 0 1 1 1 0
Va 0 0 0 0 0 0 1 0 0 1
IVa IVb
I
I l l dI I I I c
I a
Figure 13. Hierarchy o f  the Revised P rerequ is ite  M atr ix , 
D if fe re n t ia t io n  o f  Algebraic Functions.
I.;
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Table 21
Matrix o f  the Hierarchy o f  the Revised P rerequ is ite  Matrix 
(Logica l-Empirical P rerequ is ite  Matrix)
D if fe re n t ia t io n  o f  Algebraic Functions
Item
I la
I l i a
I l l b
I I I c




Comparison o f  Tables 20 and 21 indicates tha t the former is  not 
t ra n s i t iv e  w ith Table 21 y ie ld in g  the new re la t ionsh ips  I l l d  -<—  IVa 
and I l l d  •<—  IVb. Item d i f f i c u l t i e s  (.79 fo r  I l l d ,  .59 fo r  IVa, and .50 
fo r IVb) suggest but by no means guarantee tha t these re la t ionsh ips  e x is t.  
Table 14 shows these re la tionsh ips to have low (.029) d isconform ity and 
Table 13 reveals tha t the d isconform ity in  each case was produced by the
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same subject. Logical reanalysis o f  these re la t ionsh ips  implied by 
t r a n s i t i v i t y  revealed tha t the product ru le  (measured in  I l l d )  is  not 
normally required in  IVa and IVb (even though three students rewrote the 
quotients as products and used the product ru le )  but tha t a l l  three items
share la and I la  as th e i r  p r inc ipa l p re requ is ites . There is also no
question tha t IVa and IVb could have been taught w ithout I l l d ,  but
th is  was not done. Also, considering the standard development o f
d i f fe re n t ia t io n ,  IVa and IVb are almost ce r ta in  to imply I l l d .  For 
these reasons, both new re la t ionsh ips  were accepted. I t  must be noted 
that these re la t ionsh ips  were examined e a r l ie r  as places o f  low discon­
form ity  (see Table 15(a)) and re jec ted . However, t r a n s i t i v i t y  and 
fu rthe r analysis produced enough evidence fo r  th e i r  acceptance.
In general, unhypothesized but possib ly v a l id  re la t io n s  among 
the o r ig ina l set o f  items were discovered as points o f low d isconform ity 
or points o f in t r a n s i t i v i t y .  Each unhypothesized re la t io n sh ip  f a l l s  
in to one o f the fo llow ing three categories:
1. Relations whose low d isconform ity appears due to chance.
2. Lo g ica lly  va l id  re la t io n s  which were overlooked in  the 
i n i t i a l  log ica l analys is but have been implied by low 
d isconform ity or t r a n s i t i v i t y .
3. Relations o f low d isconform ity or re la t io n s  implied by 
t r a n s i t i v i t y  which are caused by the textbook or course 
development o f  the to p ic .
As a ru le ,  category 1 re la t io n s  were re jec ted , and category 2 and 3 
re la t ions  accepted.




As discussed in  Chapter I I ,  a va l id  h ierarchy must possess Task 
Dependency, Completeness, and Pos it ive  Transfer. The above lo g ica l and 
empirical analyses have produced Task Dependency and Completeness. To 
investigate Pos it ive  Transfer, a trans fe r r a t io  was developed. For 
each item j ,  l e t
n.| = number o f  students who have c o r re c t ly  answered j  
and ajj_ i t s  p re requ is ites .
and
ng = number o f  students who have c o r re c t ly  answered a l 1 
the prerequis ites o f  j  .
The Transfer Ratio o f  item j ,  T R ( j) ,  is  defined by
Hi
TR(j) = ^  . 
" 2
Items with no prerequ is ites were assigned TR's o f  1.000. A computer pro­
gram was w r it te n  which uses the Student Response Matrix (Table 13) and 
the Logical-Empirical P rerequis ite  Matrix (Table 21) to compute TR(j) 
fo r each item j .  Continuing w ith the ana lys is , item I l i a ,  fo r  example, 
has as prerequis ites items I l l b ,  I la ,  and la (see Table 21). Twenty 
students c o r re c t ly  answered I l i a  and a l l  i t s  prerequ is ites whereas 24 
co rrec tly  answered a l l  o f  the prerequis ites (see Table 13). Thus, 
TR(IIIa) = = .8333. The Transfer Ratios fo r  D i f fe re n t ia t io n  o f
Algebraic Functions are given in Table 22.








I l i a .8333
I l l b .9231
I I I c .9615





Huntley (1974) used a s im i la r  r a t io  to measure the Positive  Transfer 
hypothesis fo r  h ierarch ies concerned w ith English Education. He required 
a minimum TR o f  .50. This Transfer Ratio is  also qu ite  s im ila r  to 
Walbesser's Adequacy Ratio which was discussed in Chapter I I .  Walbesser's 
minimum acceptable Adequacy Ratio was .85. There is ,  however, no set 
standard fo r  th is  s t a t is t ic  in  the l i t e r a tu r e .  Huntley, fo r  example, 
admittedly f e l t  th a t  his .50 was somewhat a rb i t ra ry  and went on to say 
tha t fu r th e r study is  needed to determine minimal acceptable le v e ls .  
Transfer Ratios fo r  the present study were set a t .6000. This leve l is  
w ith in  the range o f  previous standards. Also, since students were tested
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sho rt ly  a f te r  th e i r  i n i t i a l  exposure to a top ic , leve ls  higher than .6000 
seemed a b i t  too ambitious. The Hierarchy o f  the Revised Prerequis ite 
Matrix (Figure 13) thus was considered to possess the property o f  Pos it ive  
Transfer.
Next, the item l i s t  was reviewed in l i g h t  o f  empirical f ind ings 
and log ica l observations. As discussed e a r l ie r ,  item IVd was deleted.
Even though there were several items in  the l i s t  o f  very low d i f f i c u l t y  
none were considered Entry Behaviors so tha t none were deleted fo r  tha t 
reason. Transfer Ratios were high so tha t i t  was not necessary to add 
items to increase pos it ive  t ra n s fe r .  However, as discussed above, item 
I la :  f ( x )  = x“ ^ + 2x^/^ was observed to measure two s k i l l s  and items
I lb :  f (x )  = x '^  and l ie :  f ( x )  = 2x^/^ were inserted as prerequis ites to
■3
I la .  F in a l ly ,  la :  f ( x )  = 3x was inserted as a general p re requ is ite  
to a l l  items. The re s u l t  o f  th is  is  the Logical-Empirical Hierarchy o f  
Representatives (see Figure 14) and the Logical-Empirical HLR (see Figure 
15).
At th is  po in t,  the HLEC was revised using the Logical-Empirical 
HLR and the Theory o f  Equivalence Classes. The Theory o f  Equivalence 
Classes was used as outlined below. The equivalence classes o f  the HLEC 
yielded representatives which are the elements o f  the Logical HLR (see 
Figure 10). Empirical analysis o f  the Logical Hierarchy yielded the 
Logical-Empirical HLR (see Figure 15). The elements o f  th is  hierarchy 
were then considered to be representatives and the set o f  items o f  the 
HLEC, together w ith the new items added, was re pa r t i t ione d  in to  equiva­
lence classes which were determined by these representatives. This is  
the converse o f  the usual operation where representatives are obtained 
from already ex is t in g  equivalence classes. The fo llow ing  revis ions to
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( H i d )
Figure 14. Logical-Empirical Hierarchy 
of Representatives, Differentiation of Algeb­
raic Functions. (Paraentheses contain the former 
representative designations, see Figure 12.)
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V i l a . ( V ia )  I f
f ( x ) . \y x -2 .2 x l/3  .
V  3*^-x+l
f i n d  f ( x ) .
V I I D .  ( IV b )  I f  
f { x ) .  .
f i n d f ( x ) .
x+1
V ia .  (V a ) I f V I b .  ( I V c )  I f
f  ( X ) m (  ' ^ t / ï x ^ - x + l  + 1 ) ^  ,
f i n d  f ( X ) .
f  ( x ) « \ / 3 x ^ - x + l  ( x " 2 + 2 % l/ 3 )  _ 
f i n d  f ' ( x ) .
V a . ( I l i a )  I f
f(x)»'^3*^-JC+l .
f i n d  f ( X ) . ___________
IV a .  ( I l l b )  I f
f  ( x ) » ( x " 2 +
f i n d  f ( x ) .
f(x).(x"^ 2x^/^)^ ,
rVb. ( I I I c )  I f
f ( x ) X f i2 s id
3 % -^ -x+ l 
f i n d  f ( x ) .
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rvc. ( i i i d )  I f  
f(x).(x"2*2xl/3)(3x3-x+l), 
f i n d  f ' ( x ) .
I l i a .  ( I l a )  I f
f(x)-x"^+2%^/^ 
f i n d  f ' ( x ) .
I l a .  ( l a )  I f I l l b .  I f l i e .  I f
f ( x ) « 3 x ^ - x + l  . f ( x ) « x " ^  , 
j f i n d  f ' ( x ) .
f ( x ) . 2 x ^ / ^  ,
f i n d  f ' ( x ) . f i n d  f ' ( x ) .
l a .  I f
f ( x ) . 3 J p  , 
f i n d  f ' ( x ) .
Figure 15. Logical-Empirical Hierarchy of 
Levels of Representatives, Differentiation of 
Algebraic Functions.
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the HLEC fo r  D if fe re n t ia t io n  o f  Algebraic Functions (see Figure 6) were 
made: (1) Equivalence classes la , Ib and Ic  were inserted w ith  the o r ig ­
inal classes la and I la  (see Figure 6) being appropria te ly  revised (2) 
Class IVd was deleted and i t s  items lo g ic a l ly  re d is tr ibu ted  among the 
remaining classes (3) Classes I l i a ,  IVa, IVb, and IVc were appropria te ly  
rearranged. Figure 16 and Table 22 contain the Logical-Empirical HLEC.
Class V ila Class V llb
(IVa) (IVb)
class Via Class VIb
(Va) (IVc)
Class Va 
( I l i a )
Class IVa Class IVb Class IVc
( I l l b ) ( I I I c ) ( I l l d )
Class I l i a  
( I la )




Figure 16. Logical-Empirical Hierarchy o f Levels o f  Equivalence 
Classes, D if fe re n t ia t io n  o f Algebraic Functions. (Parentheses contain 
the former equivalence class designations, see Figure 6; the contents 
o f the classes are contained in Table 21.)
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Table 23
Contents o f Logical-Empirical Equivalence Classes 





Class l i b
{ax : neZ, aeR}
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TABLE 23 -  continued
Class I le
{ax p/q. aeR; p, qeZ}
101
Class I l i a
t^+ t-Z -1x+x 1+t-T
z^+z"^ t6 + t -6 t 2 / 3 _ t - l / 3





(5r-4)Z (T7v-5)T000 ( tG + t-6 ) '




(8x^-2x^+x-7)^ (x+x-T)^ (4 t^ -3 t^+2 t)
4 9 4 
(w -8w +15) 2x+(2x)"^ (3s)-4
-2
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TABLE 23 - continued
Class IVa




1 (3+2x-2+4x-3)"^ (3w+2)4 (l+2z)T/2
1 (5xZ-x+4)^/^ (z2+9)l/2
1 (3x+2)4 (z 2 _ l ) '
: (u2+1)' (x2+1 (x®-6)"’
j (4u-5)S (xG+1)^ (3x2-x+1)^
1 (6z+l)3 (3x+2)3 ( x-2 .2x ’ /2 ,2
i (3x+10)4 (3x-8 ) “ 2 (2x+l)^°+ l
! ? 3 
1 (4x +6x-7) (7x2+4)” ^ l+ ( l+2z)T /2
1 (8-5s+7s^)^° (7y-2)-2 z2+(z2+9)^^^
f; (9t^+16)^^^ (2y+l)2/3 ( z 2 - l ) ^ l
(3x2+1 (3x+l)G ( x2 -6 ) ’ V i
(v4+7v2)3 (4s+5)4 (x 2 .6)^+1
(2z+5)3 (2 t+ l)2 (2x)-T
(3z-l)4 (2t+3)2 ( t Z . l ) 5
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2x -4 + -1 -----
X - 1 6
Class IVc
(x2+3x 2+1) ( 2x 2+8x - 5) 
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((2x+i)T0+1)1°
[7x+\P+6]4
[7x+ Æ ^ ] °









^\&z2+4z+8 '^ 3 x ^ -x + l \6x2_x+l
(z2 -  - i ) °
' i  -1 C ( x - 6 ) - U l ]
V2x 2+7/
[ (x 2 -6 )2 + l ] ° \ l-9s2y
[V s x ^ -x + l  + 1]^





z ( 2 z 2 - 5 z + 1 ) ( 6 z 2+7)





( 2 z + 5 ) 2 ( 3 z - l ) 4
(6x-7)2(8x2+9)'
o 4
(2w - 3 w + l ) ( 3 w + 2 )  
{ 1 5 y + 2 ) ( / - 2 ) ^ ' " *
fi 5 3
( x ^ + l )  (3x+2)
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TABLE 23 - continued
Class VIb ( c o n t in u e d )

































V ( A ^
i d / 7  + ^
6x2 - I  +
i / 7
Note. See Figure 16.
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The Logical-Empirical HLEC was used to define the Logical-Empirical HLS, 
Figure 17, which is  the desired Logical-Empirical Structure o f  Knowledge 
for D i f fe re n t ia t io n  o f Algebraic Functions. This s truc ture  contains 
seven levels and th ir te e n  s k i l l s .  The procedure used to generate the 
Logical-Empirical S tructure o f  Knowledge fo r  D if fe re n t ia t io n  o f  Algebraic 
Functions described above was applied to each o f  the content un its  
under consideration in  th is  study. A s l ig h t  v a r ia t io n ,  which is  d is ­
cussed below, was used in  the case o f Applica tions o f Extrema and Related 
Rates. Some key empirical re su lts  fo r  each content u n i t  are discussed in 
Chapter IV. Implications o f  these resu lts  toward calculus learn ing are 
discussed in Chapters IV and V.
1 Calculus Word Problans
i -
r This section is concerned with the fo llow ing  goals:
i:
! 1. To review l i t e r a tu r e  concerned w ith  the so lu tion  o f
I calculus word problems.
i 2. To formulate, from the po int o f  view o f a Learning
f  '
I Hierarchy expert and a math educator, but not
r igo rous ly  study, the rough beginning o f  a theory o f 
; calculus (word) problem so lv ing,
i 3. To devise a system w ith in  which the content un its  on
i Related Rates and Applications o f  Extrema can be
adapted to a llow  meaningful analysis by the method­
ology o f  the present study.
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I Vila. (IVa) Given f(x), a sum of roots or powers of level 1,2,3,4,5, or 6 functions» computes f'(%). Vllb. (IVb) Given f(x), a sum of quotients of level 1,2,3,4,5, or 6 functions» computes f*(xX. -
Via. (Va) Given f(x), 
a sum of powers of 
level 1,2,3,4, or 5 
functions, computes
f"(x).
VIb. (IVc) Given f(x), 
a sum of products of 
level 1,2,3,4, or 5 
functions; computes 
f'(x).
Va. (Ilia) Given f(x), 
a sum of roots of level 
1,2,3, or 4 functions» 
computes f*(x)._______
IVa. (Illb) Given f(x), 
a sum of powers of 
level 1,2, or 3 func­
tions» computes f'(x).
IVb. (IIIc) Given f(x), 
a sum of quotients of 
level 1,2, or 3 func­
tions» computes f'(x).
IVc, (Illd) Given f(x), 
a sum of products of 
level 1,2, or 3 func­
tions; computes f'(x).
Ilia. (Ila) Given f(x), 
a sum of level 1 or 2 
functions; computes f'(x)
Ila. (la) Given f(x), 
a polynomial; commutes 
f  (x).
Ilb. Given








Figure 17. Logical-Empirical Hierarchy of Levels 
of Skills, Differentiation of Algebraic Functions.
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Calculus word problems presented special d i f f i c u l t i e s  in  the present 
study. With the exception o f  an a r t i c le  by Flanders (1972) and general 
problem solving works such as tha t o f Polya (1973), there was no sp e c if ic  
research upon which to b u i ld .  Flanders states tha t the so lu t ion  o f a 
calculus word problem consists o f  two d is t in c t  operations, the "setup" 
and the "s o lu t io n ."  Furthermore, these operations invo lve few calculus 
s k i l ls  and many high school (p reca lcu lus j s k i l l s .  Task analysis o f  a 
calculus word probl an y ie lds  a generous set o f precalculus s k i l l s .  For 
example, consider the fo llow ing  problem;
The ends o f  a water trough S' long are equ ila te ra l 
tr iang les  whose sides are 2' long. I f  water is  being 
pumped in to  the tank a t a constant ra te  o f 5 f t^ /m in ,  
f ind  the ra te  a t which the water level is  r is in g  when 
the depth is 8 " .  (Swokowski, 1975, p. 164)
Task analysis yielded the fo llow ing set o f  p rerequ is ites :
(1) Find the value o f h in  the tr ia n g le  pictured below.
2_
A
(2) In the t r ia n g le  given below, express
A
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
i
1 09
(3) Write an expression in  terms o f  x and h fo r  the area 
o f  the t r ia n g le  pictured below where AB = AC. '
C
(4) I f  V is the volume o f the trough pictured below whose 
ends are eq u ila te ra l t r ia n g le s ,  w r i te  an equation which 
re la tes V, h and x.
(5) I f  V = 8xh and ^  = 5, h = v^x, f ind  ^  when h 2 /3
(6) I f  V = , w r i te  an equation which re la tes ^  and ^
dV _ dh
(1 ) through (4) and (7) are high school algebra and geometry whereas (5) 
and (6) involve ca lcu lus. In the s p i r i t  o f  Flanders' a r t i c le ,  the 
execution o f (1) through (7) in  the form stated above is "s o lu t io n , "  
whereas the generation o f  the above l i s t  from the problem i t s e l f  is  
"setup."
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These setup s k i l l s  can be viewed as being those factors which 
allow one to progress from being able to apply a concept when s p e c i f ic a l ly  
asked to ,  to being able to re ca ll  p a r t ic u la r  concepts in  usable forms 
from a vast pool ( in  manory) o f concepts and apply these concepts when 
given a problem whose so lu t ion  requires both the re ca ll  and in tegra tion  
o f concepts. Gagne (1962) re ferred d i r e c t ly  to the "theory-re levant" 
variables reca ll and in tegra tion  (see Chapter I I  fo r  a discussion o f 
th is  a r t i c le ) .  The process o f calculus problem solving cannot, however, 
be accurately represented by the sequence
Recall ------->• In te g r a te -------- >• Solve.
Recall and in te g ra t ion  c e r ta in ly  appear to be the components o f the se t­
up o f Flanders; however, the setup fo r  a p a r t ic u la r  (class o f)  problem 
cannot (at least e a s i ly )  be broken down in to  these components. Drawing 
(a t least mentally) and labe ling ( in  a way which respects the variab le  
and constant q u a l i ty  o f  quan t it ies ) a f ig u re  which represents the 
problem seems to be an early  step in  the setup. Prerequis ites also are 
not recalled in  a group but ra the r, concepts are recognized to apply, 
they are then integrated and other s k i l l s  recalled and in tegra ted .
Often, concepts are integrated in to  the so lu tion  before they are 
consciously re ca lle d . This phenomenon is  probably best described as 
ins igh t.  This process is much l ik e  th a t  outlined by Polya (1973). He 
considered problem solving to consis t o f  three processes: (1) Under­
standing the Problem, (2) Devising a Plan, (3) Carrying out the Plan.
The f i r s t  two are what Flanders c a l ls  t i ie  setup whereas the th i rd  is
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the so lu t ion . The re s u lt  o f the setup in  the above example can be con-
8h2
sidered to be the equation V = - = = -  as long as the solver has in  mind
/3
that ^  = 5 and tha t ^  is  being sought and can be obtained by
d if fe re n t ia t in g  im p l ic i t l y  and using algebra.
I t  was qu ite  evident from student work in  th is  study th a t one 
can process prerequisites (1) through (7) to the above example in  th e ir
stated form without being able to make any s ig n if ic a n t  progress on the
problem i t s e l f .  This s i tu a t io n  is  not unique to calculus problem solving 
but occurs throughout the high school and co llege mathematics curriculum. 
For example, i t  is  not unusual fo r  an Elementary Algebra student to 
possess good f a c i l i t y  in  equation solving but to be hopelessly confused 
with respect to word problems. There are also psychological fac tors  
which y ie ld  other dimensions to th is  problem. A l l  high school mathe­
matics teachers have seen students who experience some kind o f  block 
when confronted w ith word problems.
An attempt to apply the procedure discussed e a r l ie r  to calculus 
word problems yielded co lle c t io n s  o f problems which defined "knowing" 
the content u n i t  in  question. Also Task Analysis produced l i s t s  o f 
prerequisites which were combined w ith the o r ig in a l problems to form 
supersets which redefined "knowing" the content u n i t .  Furthermore, 
the imposition o f  hierarchies o f leve ls  onto these supersets produced 
structures qu ite  s im ila r  to those devised e a r l ie r .  The p a r t i t io n in g  
of the lower leve ls of these hierarchies (which contained mostly derived 
prerequis ites) in to equivalence classes also progressed qu ite  smoothly. 
The p a r t i t io n in g  o f  the upper leve ls which contained almost exc lus ive ly  
the calculus problems themselves, however, presented s ig n if ic a n t
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d i f f i c u l t i e s .  The basic idea behind p a r t i t io n in g  is  the a b i l i t y  to  c a l l  
d i f fe re n t itans equivalent given tha t a very c a re fu l ly  devised set o f 
lower level s k i l l s  have been mastered. In other words, d ifferences 
exist in  p rerequ is ites , but given these p re requ is ites , so lu tion  o f  
equivalent problems reduces to the app lica tion  o f  new, but common, ideas. 
However, in the case of word problems, in a b i l i t y  to iso la te  key "setup" 
prerequisites prohib ited anything more than s ing le ton equivalence 
classes. Such c la s s i f ic a t io n s  are not very useful and thus not 
sa tis fac to ry . The fa i lu re  to produce adequate c la s s i f ic a t io n  fo r  
Related Rates and Application o f  Extrema was not a shortcoming o f  the 
c la ss if ica t io n  scheme, but ra ther a re f le c t io n  o f  the inadequacies o f  
existing knowledge on the setup o f  calculus word problems. The d i f f i ­
cu lt ies  in  c la ss ify in g  calculus word problems by equivalence have been 
shared by the administrators o f  the calculus te s t in g  program at UNH.
M .  E .  Munroe, one o f  the experts discussed above and an adm in is tra tor 
of th is  program, wrote the fo llow ing  during his examination o f  the 
Related Rates u n i t :  "Suppose a student is given a set o f about s ix
(word) problems from Swokowski and d r i l le d  on these u n t i l  he knows 
them cold. Then w ith no p a r t ic u la r  warning is given the dual o f  one 
o f them. What happens?" Simply pu t, to experts two calculus (word) 
problems can appear to be dual but in  essence ( in  th is  s i tu a t io n ,  " in  
essence" means in  the mind o f the f i r s t - y e a r  calcu lus student) sub tle  
(setup) differences ex is t and no calculus problem has a dual other 
than i t s e l f .  For example, consider the fo llow ing  problems from
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Swokowski (1975):
(2) A boy f ly in g  a k i te  pays out s t r in g  a t  a ra te  o f 2 f t /s e c
as the k i te  moves h o r iz o n ta l ly  at an a l t i tu d e  o f  100 '.
Assuming that there is  no sag in  the s t r in g ,  f in d  the 
ra te  a t which the k i te  is  moving when 125' o f  s tr in g  
have been payed ou t. (p . 163)
(3) A weather balloon is  r is in g  v e r t i c a l l y  a t  a ra te  o f
2 f l ' /s e c .  An observer is  situated 100 yds. from a po in t 
on the ground d i r e c t ly  below the ba lloon. At what ra te  
is the distance between the balloon and the observer 
changing when the a l t i tu d e  o f  the baloon is  500' ?
(p. 163)
To an expert, given tha t ce r ta in  prerequis ites have been s a t is f ie d ,  these 
problems appear to be equivalent; y e t ,  in  an actual s i tu a t io n  which 
occurred in  the UNH Calculus Testing Center, a student who had studied
(2) and memorized i t  was given (3) on an exam. Not on ly  did he f a i l  to 
solve (3) but also claimed foul because i t  was asked!
In sp ite  o f  these d i f f i c u l t i e s  and fo r  the sake o f completeness, 
these un its  had to  be included. A lso, since d i f f i c u l t i e s  occurred only 
at the upper leve ls  and valuable sets o f  prerequis ites had been generated, 
there was much to gain from the inc lus ion  o f  these u n i ts .  In an attempt 
to permit c la s s i f ic a t io n  a t the upper le ve ls ,  the o r ig in a l  sets o f 
problems ( in  th is  case, the sets o f  problems from Swokowski concerned 
with Related Rates and Applications o f  Extrema) were transformed in to  
other, not equ iva lent, sets o f  problems. This transformation was based
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Polya's "How to Solve I t "  l i s t  (1973, p. x v i ) .  I t  was f e l t  tha t m in i­
mizing the "understanding o f the problem" step in  the so lu t ion  o f  each 
problan would permit more meaningful c la s s i f ic a t io n .  This step consists 
o f reading the problem and a t le a s t doing the mental equivalent o f  
drawing and labe ling  a f ig u re .  Labeling means the in troduc tion  and 
assignment o f su ita b le  no ta tion ; fo r  example, using va r iab le  names fo r  
variable quantit ies  and constants fo r  constants. The transformation thus 
consisted o f  providing w ith each problem an appropria te ly  labeled f ig u re  
and then re w r it ing  each problem in  terms o f  the notation o f  the f ig u re  
supplied. For example, the three exercises used above were transformed 
as fo llows:
(1 ')  The ends o f a trough 8' long are equ ila te ra l t r ia ng le s  
whose sides are 2' long. I f  water is  being pumped in to
3
the trough a t a ra te  o f  5 f t  /sec, f in d  the ra te  at 
which the water leve l h is  r is in g  when h is 8 ".
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(2>) A boy B f ly in g  a k i te  K pays out s tr in g  a t  the ra te  
o f 2 f t /s e c  as the k i te  moves h o r izo n ta l ly  a t an a l t i ­
tude o f  100 f t .  Assuming tha t there is  no sag in  the
s t r in g ,  f in d  the ra te  at which the k i te  is moving when
125' o f  s t r in g  have been payed ou t.
l o o
3
(3‘ ) A weather balloon B is  r is in g  v e r t ic a l ly  a t a ra te  o f  
2 f t / s e c .  An observer 0 is  s itua ted 100 yds from a 
point P on the ground d i r e c t ly  below the balloon B. 
At what ra te  is the distance x between the balloon 
and the observer changing when the a l t i tu d e  y o f  the 
balloon is  500'?
O
l O o
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The solu tion o f  each problem now re l ie s  on the a b i l i t i e s  to re ca ll  
appropriate p re requ is ites , to w r i te  the cond it ion (s ) in  form(s) which 
are appropriate fo r  so lu tion  and to use calculus techniques along w ith 
recalled prerequis ites to solve the problem. With th is  in  mind, problems 
(2 ' ) and (3')were ca lled equivalent under the conditions o f  the equiva­
lence re la t io n  defined e a r l ie r .  S im i la r ly  w ith other problems, the 
transformation con tro lled  fo r  many o f  the setup s k i l l s  and s ig n i f ic a n t  
equivalence classes resu lted . The essential precalculus and calculus 
prerequisites were, however, preserved so tha t the Hierarchies o f  
Levels generated by the transformed sets o f  problems were iden tica l 
to those o f  the o r ig in a l models a t  the lower leve ls  but permitted . 
meaningful c la s s i f ic a t io n s  on the upper le v e ls .  A lso, even though 
the in te g r i ty  o f  the o r ig in a l problems was not preserved, i t  was by no 
means destroyed. Thus the derived models are reasonable representations 
o f the o r ig in a l content u n i ts .  For example, the transformations o f  
problems (2) and (3 ), namely problems (2 ' )  and ( 3 ' ) ,  y ie ld  the same 
set o f "nonsetup" prerequis ites and require  the same calculus techniques 
as the o r ig in a l problems but, in  th e i r  transformed s ta te , are lo g ic a l ly  
equivalent under the conditions o f  the equivalence re la t io n  defined 
e a r l ie r .  Using the transformed sets o f problems, the content un its  
Related Rates and Applications o f  Extrema were analyzed by means o f  the 
techniques described in  parts I and I I  o f  th is  chapter (see Chapter IV) .
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RESULTS
The goal o f  th is  study was to produce an organized s truc tu re  o f 
i- knowledge fo r  D if fe re n t ia l  Calculus. Furthermore, th is  was to be done
r w ith in a theore tica l framework based on Learning Hierarchy Theory (LHT)
! and Order Theory (OT). D i f fe re n t ia l  Calculus was broken down in to  nine
I content un its  as i l lu s t ra te d  by Figure 9. Each o f  the nine un its  was
i analyzed by means o f  the procedures discussed in Chapter I I I .  The
I major resu lts  o f the present research are the log ica l-em p ir ica l versions
! of the Hierarchy o f Representatives (HR), the Hierarchy o f Levels o f
I
! Representatives (HLR), and the Hierarchy o f  Levels o f S k i l ls  (HLS);
! and the implications o f the present work towards the theory and practice
I""
I of LHT and OT. This chapter presents the re su lts  as they apply to
f  :
D if fe ren t ia l Calculus, followed by a discussion o f  im p lica tions towards 
I LHT and OT.
I
D if fe re n t ia l  Calculus 
The Nine Content Units
In th is  section, the spe c if ic  re su lts  fo r  each o f the nine 
content un its  are summarized. Each summarization consists o f  a sequence 
of hierarchies and tab les , followed by a b r ie f  discussion. This sequence 
begins w ith the Logical HR and HLR, which describe the re su lts  o f  the 
logical analysis. Next one finds two tab les , a tab le  o f  theory-re levant 
results and a table o f  t ra n s fe r  ra t io s ;  which h ig h l ig h t  the empirical 
analysis. Recall that the empirical procedures developed are both
117
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theory-confirming and theory-generating. These tables describe the 
theory-confirming resu lts  by l i s t i n g  the accepted d isconform ities . A 
l is t in g  o f new (unhypothesized) re la t io n s  (those implied by t r a n s i t i v i t y  
are appropria te ly designated) and a discussion o f  points o f  low tra n s fe r  
describe the theory-generating re s u lts .  A descrip t ion  o f equivalent 
itans and a complete table o f t ra n s fe r  ra t io s  complete the theory­
relevant re s u lts .  The sequence ends w ith  three hierarch ies which 
describe the log ica l-em p ir ica l re s u lts ,  namely, the lo g ica l-em p ir ica l 
versions o f  the HR, HLR, and HLS. The resu lts  o f  the log ica l-em p ir ica l 
analysis are best understood by comparing the lo g ica l and lo g ica l-em p ir ica l 
versions o f  the HR and HLR. In order to aid in  th is  comparison and 
increase understanding o f  the log ica l-em p ir ica l procedures, some conven­
tions have been adopted. The content un its  are included in the order in 
which they were taught. The numbering o f items in  the log ica l-em p ir ica l 
versions o f the HR, HLR, and HLS corresponds to th a t used in the log ica l 
HR and HLR which is  the same as tha t used on the take-home sheets. Pre­
requ is ite  Hierarchies in  the Logical-Empirical HLS are designated by the 
numbers o f items in the HLR which they subsume. Many item numbers are 
subscripted. Itans in the log ica l-em p ir ica l s tructures with an " r "  
subscript were revised, those w ith a " t "  subscrip t were points o f  low 
trans fe r, and those with an "n" subscrip t are new items which were 
inserted during the log ica l-em p ir ica l ana lys is. Items in  the log ica l 
structures subscripted "d" were deleted during the log ica l-em p ir ica l 
analysis.
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Table 24 
Theory-Rel evant Results 
Computation o f  f ( x )  Via the D e f in it io n  o f D eriva tive
1. Accepted D isconform ity.
Relation Decision
none
2. Disconformity A ttr ibu ted  to Learning.
Relation
none
3. New (Unhypothesized) Relations.
Relation
1 4—  2,3,4,6 ,8,9 ,12,13
7 4—  8,9,12




5. Points o f  Low Transfer.
Itan Action
11 in s e r t  items 14n, 15n, 16n, 17n; de lete i tan  10
12 in se r t  itans 14n, 15n, 16n, 17n; de le te  item 10


















13 (not computable because o f
c le r ic a l  e rro r)






Figure 20. Lcgical-Erapirical HR, Computation of 
f’(x) Via the Definition of Derivative,
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Computation o f  f * ( x )  Via the D e f in it io n  o f  D e r iva t ive . Figures 
18 and 19, respective ly , contain the Logical HR and HLR. These figures 
are re la t iv e ly  simple, consisting o f  three terminal tasks each o f  which 
has two computational-algebraic and one l im i t  p re re qu is ite . Item 10 was 
intended to measure the knowledge o f  and the a b i l i t y  to apply the d e f in i ­
t ion  o f de r iva t ive . A student response to  item 10 was considered 
acceptable i f  any part o f  th is  question was answered c o r re c t ly .
The log ica l analysis was supported by the data but was found 
to be incomplete since many o f  the re la t io n s  which e x is t  among the 
algebraic p rerequ is ite  items were not hypothesized. Low trans fe r to 
items 11 and 12 was remedied by the in se r t io n  o f items 14n, 15n, 16n, 
and 17n. Student performance showed item 10 to be confusing and mis­
leading. Since item 14n subsumes the s k i l l  tha t item 10 was intended 
to measure, item 10 was deleted. Due to c le r ic a l  e r ro r ,  item 13 was 
not tested, but i t  is  included in  the lo g ica l-em p ir ica l models.
Standard textbook development o f  th is  topic includes motiva­
tional work and exercises concerned w ith  the concepts o f  v e lo c ity  and 
slopes o f tangents to curves as well as work which requires computation 
o f the de riva t ive  by d ire c t  app lica tion  o f  the d e f in i t io n .  Analysis o f  
th is  un it  was re s tr ic te d  to the la t t e r  problem type. Even though 
students found completion o f  th is  u n i t  formidable, very l i t t l e  calculus 
content is involved. Itan 14n is  considered to be the key to th is  u n i t .  
This appears to be a very simple item but requires the a b i l i t y  to 
integrate the d e f in i t io n  o f  d e r iv a t iv e  w ith a lgebraic s k i l l s  to compute 
de r iva t ives .
1::;




Figure 23. Logical HR, Differentiation of Alg­
ebraic Functions?.
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2. Disconformity A ttr ib u te d  to Learning.
Relation 
6 -e- 10,11
3. New (Unhypothesized) Relations.
Relation 
2 6
3 -f—  7 ( t r a n s i t i v i t y )  , 9 ( t r a n s i t i v i t y )
5 ^  6,9,10 
8 4 -  7,9
10 4 -  6,7,8,9
11 4 -  9
4. Equivalent Items.
Item Pair Action
(6,10] delete item 10
5. Points o f Low Transfer.
Item Action
none
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Figure 25. Logical-Empirical HR, Differentia­
tion of Algebraic Functions.









8. If 11. If
f(x)s'^ 3x^-x+i (x’^+ax"^^^)^ , f (x)«('^3x^-x+l +1)^ ,




3. If 4. If 5. If
f(x)»(x"^+2x^/^)(3x^-x+l) , 







1. If 12n. If 13n. If
f(x)»3x^-x+l , f(x)=x"2 , f(x)=2x^/^ ,




Figure 26. Logical-Empirical HLR, Differentiation 
of Algebraic Functions.
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7. Given f(x), a sum 
of quotients of level 
1.2,3.4,5. or 6 func­
tions; computes f'(x).
8. Given f(x), a sum 
of products of level 
1,2,3.4, or 5 functions; 
computes f'(x).
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9. Given f(x), a sum 
of powers or roots of 
level 1,2,3,4,5, or 6 
functions; computes 
f'(x).
11. Given f(x), a sum 
of powers of level 1, 
2,3,4, or 5 functions; 
computes f'(x).
6. Given f(x), a sum 
of roots of level 1, 
2,3. or 4 functions; 
computes f'(x).
3. Given f(x), a sum 
of products of level
1,2, or 3 functions ; 
computes f'(x).
4. Given f(x), a sum 
of quotients of level
1,2, or 3 functions ; 
computes f*(x)..
5. Given f(x), a sum 
of powers of level 1, 
2, or 3 functions; 
computes f'(x).
2. Given f(x), a sum 
of level 1 or 2 func­
tions; computes f*(x),
1. Given f(x), a 12n. Given Iv.Given
polynomial; computes 






Figure 2?. Ebgical-Empirical HLS, Differentiation 
of Algebraic Functions.
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D iffe re n tia tio n  o f A lgebraic Functions. Even though a complete 
discussion o f the analysis o f th is  u n it  is  given in  Chapter I I I ,  ce rta in  
resu lts  are repeated here fo r  the sake o f completeness.
The Logical HR and HLR are contained in  Figures 23 and 24.
There are no precalculus items contained in  these h ie ra rch ies since 
simple arithm etic  p re requ is ites  were considered Entry Behaviors and 
items designed to measure notational so p h is tica tio n  were not included.
I t  was f e l t  tha t th is  la t te r  s k i l l  would be measured as an in te g ra tio n  
s k i l l  by the tra n s fe r ra t io s .
Comparison o f Figures 23 and 25 ind ica tes th a t the lo g ic a l- 
empirical analysis y ie lded a considerable increase in the number o f 
leve ls o f understanding as well as in  the number o f re la tio n s  among 
ita n s . I t  was observed during the lo g ic a l-a n p ir ic a l ana lys is  th a t item 
2 measures two s k i l ls  and items 12n and 13n were inserted to  measure 
these s k i l ls .  Item 14n was inserted as a general p re re q u is ite  to a l l  
items.
Standard textbook development o f th is  top ic  is  re fle c te d  by the
Logical HLR (see Figure 24) w ith the exception o f item 6, which was
grossly misplaced. The le ve ls  o f the Logical-Em pirica l HLS, Figure 27,
show the progression o f understanding o f th is  u n it .




Figure 28. Logical HR, Implicit Differentiation.






3 . Solve for c, 5. If 6. If
3b+2cdabc+d. f(x) = (8x2+iy%x2 , 8x2+y2=10 ,
find f'(x). find y ' .
1. Solve for c, 2d. Solve for c. 4. If
3b+2cd=0. 3b+2cdsbc. f(x)»(8x^+l)^ , 
find f ( x ) .
Figure 29. 
iation.
Logical HLR, Implicit Different-
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i Table 28 
Theory-Relevant Results 
Im p lic it  D iffe re n tia tio n
r :
1. Accepted D isconform ity.
Relation Decision
none
2. D isconformity A ttr ib u te d  to Learning.
Relation
none






n ",2 l de lete item 2




















Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 38
Figure 30. Logical-Empirical HR, Implicit 
Differentiati on.
a
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8%2+y2=xy ,
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find y * .
1. Solve for c, 4. If
3b+2od=0. f(x)=(8x2+l)5 ,
find f*(x).
Figure 31. Logical-Empirical HLR, Implicit 
Differentiati on.




computes y  where dif­
ferentiation involves the 




computes y * ; where dif­
ferentiation involves 
only simple chain rule and no 
products or quotients.
1,3. Given a literal 




Figure 32. Logical-Empirical HLS, 
Implicit Differentiation.
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Im p lic it  D if fe re n t ia t io n . The lo g ica l s tru c tu re s . Figures 28 
and 29, have been considerably s im p lif ie d  by the fa c t th a t transcenden­
ta l functions were not included in  the study o f th is  u n it .  Given the 
a b il i t ie s  to  solve l i t e r a l  equations and to  d if fe re n t ia te  a lgebraic 
functions, performance on items 6 and. 7 re lie s  on the a b i l i t y  to 
recognize th a t a function  y o f x is  im p l ic i t ly  defined and, the re­
fo re , to  apply the ru les o f d if fe re n t ia t io n  in  an appropria te  way to 
expressions containing th is  fu n c tio n .
The Logical HR, Figure 28, and the Log ica l-E m pirica l HR, Figure 
30, are ide n tica l except fo r  the fa c t th a t item 2 has been de le ted . Low 
transfe r to  item 7 was due equa lly  to carelessness and the fa i lu re  to  
apply the product ru le  to  the "xy" term. With respect to  the la t te r  
phenomenon, students handled the "y " term a p p ro p ria te ly  (perhaps by 
memorization) but fa ile d  to t re a t y as a fun c tion  o f x in  the xy 
term. Analysis o f d isconform ity to  the re la t io n  4 —  5 had also 
revealed tha t " (y ^ ) ' = 2yy' " was memorized since students were able 
to accomplish item 6 w ithout being able to handle item 4. This discon­
form ity and the low tra ns fe r to  item 7 suggest th a t student success on 
th is  u n it is  more a ttr ib u ta b le  to memorization o f technique than to 
understanding o f the ideas o f im p l ic i t ly  defined fu n c tio n s .
Standard development o f th is  top ic  consists o f a discussion 
o f the notions o f im p lic it  functions w ith high school algebra s k i l ls  
being used to  e x p l ic i t ly  de fine  functions which are im p l ic i t ly  defined 
by an equation. Some mention is  usua lly  made o f the Im p lic it  Function 
Theorem but the vast m a jo rity  o f the exercises are concerned w ith  the




find ing o f the d e r iv a tiv e  o f a v a ria b le  y w ith  respect to another va ria b le  
X,  when both are given in  an equation. Analysis o f th is  u n it  was r e s t r ic t ­
ed to th is  la t te r  s k i l l  and i t s  p re re qu is ite s . Figure 32 ind ica tes c le a r ly  
that new work in  th is  u n it  consists o f the a b i l i t y  to tra n s fe r to item 6 
and then to item 7. This tra ns fe r is  an in te g ra tio n  o f the s k i l ls  con­
tained in  Level 1 w ith  the basic ideas o f im p l ic i t  fun c tion s . Inadequate 
understanding o f these basic ideas resu lted  in  the d isconform ity  and low 
transfe r discussed above. I t  is  recommended th a t fu tu re  studies develop 
and include a p re re qu is ite  subhierarchy on im p lic i t  functions and th a t 
teaching o f th is  u n it  be more concerned w ith  the ideas o f im p lic it  
functions.
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1. Accepted D isconform ity. 
Relation Decision
2 H— 3,5,7,9 ,10,12,13,15 rev ise  item 2






3. New (Unhypothesized) R elations.
Relation
2 H—  21( t r a n s i t iv i t y ) , 23,2 5 ( t r a n s i t iv i t y ) ,26,27,28,29
3 4—  9,10,13,21 ,24,25,27,29
5 4—  13,25
6 4—  1 0
8 4—  16,17,26,27,28,29
9 4—  17,21 ,27,29 
19 4—  29
21 4—  29
23 4—  2









de le te  item 23
Action
in s e r t item 3On 
in s e rt item 31n
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Tangents and Normals. Figures 33 and 34 contain the lo g ic a l 
structures. These structu res were described as "h o rr ib ly  thorough" by 
one expert. This appearance can be a ttr ib u te d  to  two fa c to rs ; F ir s t ,  
task analysis g re a tly  extended the l i s t  o f textbook items fo r  th is  
section and second, there were many sections throughout the textbook 
which contributed problems p e rtine n t to  th is  u n it .  The on ly items in  
Figure 34 which introduce new s k i l ls  are items 3 and 6. A ll other 
items are in tegra tions o f these items and previous s k i l ls .
There were a high number o f new re la t io n s , see Table 30 or 
compare Figures 33 and 35, generated by the data. Most o f these were 
due to the incomplete lo g ica l ana lysis o f lower leve l items. The points 
of low tra n s fe r, items 16 and 26, are both equation items. There is  an 
extensive equation p re requ is ite  h ierarchy which supports th is  u n it  and 
the low tra n s fe r ind ica tes inadequate representation o f th is  prerequ i­
s ite  hierarchy in  the Logical HR. Reanalysis showed tha t items 1 and 18 
were Entry Behaviors fo r  Tangents and Normals. These items were dropped.
The standard textbook development o f th is  to p ic  is  m inimal. 
M otiv ia tion  usua lly  is  given during the development o f the d e f in it io n  o f 
de riva tive . This m otivation is  e ith e r immediately or la te r  followed by 
the d e fin it io n s  o f the slopes o f tangent lin e s  and normal lin e s  to  a 
curve at a po int on the curve. Figures 35, 36, and 37 depict a s itu a tio n  
where progress to upper leve ls  o f knowledge is  achieved by the a p p lica tio n  
of successively more complex in teg ra tions  o f p re re qu is ite  s k i l ls .  These 
figures also show tha t there are b a s ica lly  two strands o f knowledge fo r  
th is  u n it ,  one concerned w ith  im p l ic i t  functions and one concerned w ith  
e x p lic it  functions.
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1. Accepted D isconform ity.
Relation Decision
7 4—  19 re v ise  ita n  7
7 4—  21 ,22,23,27, drop re la tio n s
8 4—  20 re v ise  item 8
8-4—  21 ,22,23,27, drop re la tio n s
11 4—  38 re v ise  item 11
12 4—  38 re v ise  item 12
13 4—  23 re v ise  item 13
19 4—  22,27 drop re la tio n s
20 4—  22,27 drop re la tio n s
28 4—  29 drop re la t io n
29 4—  32 replace item 29 w ith item 39n
30 4—  31 ,32,34,35 drop re la t io n s , de le te  item 30
2. Disconformity A ttr ib u te d  to Learning.
Relation
none
3. New (Unhypothesized) R elations.
Relation
2 -f—  4 ,5 ,9 ( t ra n s it iv ity )  ,11,12 ,3 8 ( t ra n s it iv ity )
3 4—  4,5 ,7 ,8 ,9 ,10,11,12
4 4— 9,10
5 4—  11,12
6 4—  7,8,9,10,11 ,12,19,20,25,36,37
7 < ' 8
8 (-■- 7
9 t—  10
10 t—  9
11 f —  12
12 4—  11
13 4—  33 ,38
14 4—  16,17,34,35,36,37
15 4—  21 ,22,23( t r a n s i t iv i t y ) , 36,37
19 4—  20
20 4—  19
24 4—  36,37
25 4—  36,37
26 4—  36,37 
32 4—  31
34 4—  35,36 
3 6 4—  37
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TABLE 32 - continued
4. Equivalent Items.
Item Pair Action
(7,8*5 combine items, delete item 8
(9,10) combine items, delete item 10
(11,12) combine item s, delete ita n  12
(19,20) combine item s, delete item 20
(31,32) del ete item 31
5. Points o f Low Transfer.
Item Action
33 in s e rt items 39n and 40n; and rev ise  item 16
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Graphing. The lo g ica l s truc tu res o f knowledge fo r  Graphing are 
given in  Figures 38 and 39. These figu res  ind ica te  th a t lo g ica l analysis 
yielded structures which do not contain s p e c ific  reference to the de riva ­
tive  te s ts . This was due to the fa c t th a t many items d id not appear to 
have fixed sets o f p re requ is ites . For example, the determ ination o f loca l 
extrema in  item 27 could have been accomplished by examining the sign o f 
the second d e riva tive  a t c r i t ic a l  po ints or by examining the sign o f the 
f i r s t  de riva tive  throughout the domain o f the fu n c tion . This s itu a tio n  
was resolved by inc lud ing re la ted  items ra ther than items which measured 
specific  techniques as derived p re re q u is ite s . In the above example, 
items 21 and 22 were included as p re requ is ites  to item 27. The Logical 
HR fo r th is  u n it is  thus a model o f "what i t  is  to be able to  completely 
analyze any algebraic func tion " w ith  p rerequ is ites  spec ified  by re la ted 
exercises ra ther than sp e c ific  d e riv a tiv e  te s ts . This u n it  was termed 
a "maxiunit" by one expert, w ith most people suggesting s ig n if ic a n t 
expansion o f the o r ig in a l Logical HR and HLR.
The extremely high amount o f accepted d isconform ity supports the 
feeling tha t items in  th is  u n it  have no fixe d  p re requ is ites , i . e . ,  there 
are various ways to solve many o f these items. In general, the extremely 
high number o f accepted d iscon fo rm ities  and new re la tio n s  is  testimony 
to the complexity o f th is  u n it .  The low tra n s fe r to item 33 appears due 
to a lack o f graphing items and items 39n and 4On were added. With the 
addition o f these new items, items 28, 29, 30, and 31 were de leted. Item 
1 was determined to be an Entry Behavior and deleted.
This u n it does not re f le c t  the standard textbook development o f 
Graphing since no s p e c ific  reference to  the d e riva tive  te s ts  is  made. 
Knowledge o f Graphing requires a high leve l understanding o f large
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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amounts o f calculus and precalculus knowledge (see Figures 41 and 42). 
Future studies which extend the study o f th is  u n i t  to include transcen­
dental functions should y ie ld  s ig n i f ic a n t  extensions, espec ia lly  a t  the 
lower leve ls , to  the present models.
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Applica tions o f  Extrema
1. Accepted D isconform ity.
Relation Decision
5 4— 17,20 drop re la t io n s
6 4— 24 drop re la t io n
17 4— 20 rev ise  item 17
28 4— 29 rev ise  item 28
1 2. Disconformity A ttr ibu ted  to Learning.
I Relation
; 16 4— 26,27
I 3. New (Unhypothesized) Relations.
I Relation
! 4 4—  16
I 7 4—  24,26
{ 8-4----  11
I 9 4— 8,11( t r a n s i t i v i t y ) , ! 9
15 4—  16,26,27,30 
, 1 6 4—  4
I 17 4—  5
f 18 4—  30
21 4—  2,17,18,19,20,23,24,26,29,30 
Î 24 4—  6
27 4 —  26
28 4—  26,27
4. Equivalent Items.
Item Pair Action
! (2,2T) de lete item 2
I (4,16) de le te  item 4
i (5,17) delete item 5
[ (6,24) de lete i ta n  6
5. Points o f Low Transfer.
I. .
I Itan Action
I 15 in s e r t  item 31 n
25 no ac tion , low trans fe r due to carelessness











































Figure ^5. Logical-Empirical HR, Applications of 
Extrema.
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1 6 7
Applications o f  Extrema. Figures 43 and 44, re spec t ive ly , con­
tain the log ica l HR and HLR; where the o r ig in a l content items, items 14, 
20, 23, 26, 27, and 30, appear in  a transformed sta te  (see Chapter I I I ) .  
Figure 44 i l lu s t ra te s  the ro le  o f  the transformation discussed in  Chapter 
I I I .  Item 27, fo r  example, not on ly has been provided w ith a labeled 
figure, but also is  presented along w ith  sequences o f  p rerequ is ites 
(see Figure 43) expressed in  forms required fo r  i t s  so lu t io n .  In 
general, most o f  the e x p l ic i t l y  stated precalculus items are o f  a geo­
metric nature, w ith algebraic prerequ is ites being incorporated in to  
calculus items, e .g .,  see items 12, 13, 15, and 16 o f  Figure 44.
The re la t iv e ly  large number o f  accepted, unhypothesized re la t io n s  
to a large extent is  due to uncerta in ty  experienced during the log ica l 
analysis. Since the extent o f  the p re requ is ite  nature o f  many o f  the 
hypothesized lower level items was not c le a r ,  i t  was decided to l e t  the 
data suggest the p o s s ib i l i t ie s .  Transfer ra t io s  to the transformed 
calculus content items were very high. This, to a la rge extent, is  due 
to the fac t tha t prerequis ites were included in  usable form, in  a 
( lo g ica l ly )  correct sequence, and in  close proxim ity to th e i r  respective 
superrequisites.
Standard development o f  Applica tions o f  Extrema consists o f  a 
review o f the s k i l l  defined by ita n  23 o f  Figure 42 followed by many 
examples. In most cases, a general problem solving schene is  given.
The standard treatment o f  th is  top ic  and the lo g ica l-em p ir ica l models o f  
the present study s trong ly  suggest th a t th is  u n i t  requires a l i t t l e  
calculus and a l o t  o f  precalculus algebra and geometry.
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V e loc ity  and Acceleration























3. New (Unhypothesized) Relations.
Relation
1 4—  2,3,4,7,9,10,14,15,16,17,18,19,25
2 4— 17,18,19,20(all by t r a n s i t i v i t y )
3 4—  4
4 - " 3
5 4—  4,9,10,17,18,19,20,21
8 4—  9,10,15,20,21( a l l  by t r a n s i t i v i t y )
9 4—  10,21
10 4—  20
11 4—  9,10,20,21
12 4—  20,21 ,22,23,24 
14 4—  16,17,18,19,20
16 4—  17,2 0 ( t ra n s i t iv i ty )
17 4—  16 ,2 0 ( t ra n s i t iv i ty )
18 4—  19,20










combine items, delete item 3 
combine items, delete item 16 
combine items, delete item 18
Action
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Figure 50. Logical-Empirical HR, Velocity and 
Acceleration.
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1 7 5
Velocity  and Acce lera tion . With respect to  the log ica l structures 
for Velocity and Acceleration (see Figures 48 and 49), th is  u n i t  is  qu ite  
s im ilar to the Tangents and Normals u n it  in the sense th a t an extensive 
structure has been derived which contains very few new s k i l l s ;  namely, 
the s k i l ls  implied by items 12 and 22. A ll other items are in tegra tions 
of these s k i l l s  w ith precalculus s k i l l s  or previous calcu lus s k i l l s .
Many o f  the new re la t ion s  were diie to the existence o f extremely 
easy items at lower le ve ls .  Item 1 was determined to  be an n try  ehavior 
and deleted but others were kept fo r  the sake o f  completeness. A lso, the 
number o f new re la t ion s  suggests th a t several o f  the items are o f  a 
general prerequis ite  nature; i . e . ,  s k i l l s  which are not lo g ic a l ly  pre­
requisite but fo r  various reasons, such as the order o f  presentation o f  
topics during in s tru c t io n ,  are p rerequ is ite  under the d e f in i t io n  o f pre­
requis ite used in the present study. The s k i l l  defined by item 12, fo r  
example, was em p ir ica lly  implied by several items to  which i t  was not 
lo g ica l ly  pre requ is ite .
Standard development o f  th is  top ic  is  re s t r ic te d  to the develop­
ment o f s k i l l s  defined by items 12 and 22. Examination o f  Figures 50, 51, 
and 52 reveals, however, tha t when a l l  exercises and examples are 
collected and analyzed, a very involved structure  re s u lts .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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9 ■<— 12 rev ise  item 9
11 <— 15,18,23,24 rev ise  item 11
2. Disconformity A ttr ibu ted  to Learning.
Relation
3 < -  10
4 < -  10,23
5 < -  10 
9 <— 10
3. New (Unhypothesized) Relations.
Relation
2 <— 1,8 ,12 ( t r a n s i t i v i t y ) , 22
3 < -  11
7 <— 6
8 <— 12
13 <— 1 6 ,1 7 ( t ra n s i t iv i t y ) ,1 8 ( t r a n s i t iv i t y )
14 <— 1 3 ,1 6 ,1 7 ( t ra n s i t iv i t y ) ,1 8 ( t ra n s i t iv i ty )  
20 < -  25
22 <— 1 ,2 ,3 ,8 ,1 2 ( t ra n s i t iv i t y )
4. Equivalent Items.
Item Pair Action
T ^ 2 2 r “
(6,7)
(13,14)
5. Points o f Low Transfer.
Item Action
del ete item 22
del ete item 6
del ete item 13
! 26 rev ise  item 26
178




































Figure 55. Logical-Empirical HR, Related Rates
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
181




■o N-a> C ^  U
" i
^  CN




M  (9 <8 (d
, - g w
% )0  4) Qana o ou a  n<M
g #4 t g «SCO
g e g - lf  uin
C bog
r4 « je«4 3 « a
i l U l i l
O H V< fl e .
3^ 5r>£J2£?
g'S.'uSü•«■.# C o e  ewe -fl ■« e ** ** c w2 £ c :c ;a ;
:g :S := 2 #M w O** ■**»♦>-g
MT  C «>c « *g «0 II
01 -4 c rtl C M*• r t.  o rt w c>% r  4* M  r t. aK w# e «j-*S
s >» I»Sh O —«1-4 k. W X  a  T » 2 0
* *  w#
v >  X  O 1 VT3
e«« 043 g
ml a*» o u
<M U  W <M a  *1
a^^iMjC q2if^
m, tit ** -s >
:l: f "
I h l
o e o a
— C &JG ^  
X V e (5 rt— a ^  L
X O 4^  a  ^




• s is i i
 ^C o c3«-382eaaka 
a 00 e
3235* 
k»g&3 *75 > @M %S35S
a
^ i o i
5 M o ë  s «-S3 c3
S-oJSS
c ls l s
> e «5**
s “ ï i s.32.2^kCÆO
oi a  C» ♦* <a
l l i i .
S|«-2
52c.»>*-• O 01 Os o3 a 5 
m “IS S ""s32  
22SZ:
2 . S 3  „5J2
5 Cû« o . 
a  e  0  ^
“ “S » ! .
p | 2 f22232“ Sâ«*
fiUO 0 ««
n n hû
O « | N
ü ll
















^  ^ 3
" n '®
lit
a :s g s c
0  a o a*^•3 2 
-23â
SS%3S
*■« U P  Ot4
I I I " .
" s i & i
=111!
m aw ^ o o #
«  c
ï : l 4
K l:






















R eprod u ced  with perm ission o f the copyright ow ner. F urther reproduction prohibited w ithout perm ission.
1 8 3
Related Rates. There are e s se n t ia l ly  four types o f  items con­
tained in the Logical HR and HLR fo r  Related Rates (see Figures 53 and 
54): general items on rates o f  change, e .g . ,  item 9; precalculus items 
usually requiring knowledge o f  sp e c if ic  geometric fa c ts ,  e .g . ,  item 17; 
computational calculus items, e .g . ,  item 5; and transformed re la ted ra te 
problems, e .g .,  item 24. The so lu t ion  o f  the la t t e r  type requires an 
integration o f the f i r s t  three.
As Table 38 ind ica tes, the lo g ica l analysis was h igh ly  supported 
by the data. Low tra ns fe r to item 26 was a t t r ib u te d  to an incomplete 
transformation o f  the o r ig in a l problem. This s i tu a t io n  was remedied by 
a more complete labe ling  o f  the f ig u re  provided fo r  th is  item. As was 
the case with Applications o f  Extrema, tra ns fe r ra t io s  (Table 39) were 
generally high ind ica ting  tha t the transformed sta te  o f  the re la ted ra te  
problems themselves, and the nature and sequence o f  the prerequis ites 
have fa c i l i ta te d  in teg ra tion  o f  s k i l l s .
Standard development o f  Related Rates consists o f  a discussion 
of the rate o f change o f  one va r iab le  w ith respect to another, followed 
by a formal discussion o f  instantaneous ra te  o f  change. A general 
technique is usually  presented in l i g h t  o f  several examples. The 
log ica l-em pirical models fo r  th is  u n i t ;  Figures 55, 56, and 57; are 
consistent with th is  development but give a d i f fe re n t  persepctive on 
technique, presenting the s k i l l s  required fo r  several (classes o f)  
problems in a s truc tu re  which not on ly re la tes  the prerequis ites o f  a 
related rate problem to the problem but also defines an order (prerequi­
s ite  re la t ion ) on the en tire  set o f  p re requ is ite  and re la ted  ra te 
items.


















































D i f fe re n t ia t io n  o f  Transcendental Functions
1. Accepted Disconformity.
Relation Decision






drop re la t ions  
drop re la t ion s  
drop re la t io n






3. New (Unhypothesized) Relations.
Relation 
2 •<—  3,4,5,6 
5 4—  6,34 
7 ■<—  10,11,12 
9 4—  10,11,12,14,15
16 4—  17,19
17 4—  15
18 4—  15,19
20 4—  25,28
21 4—  26
22 4—  27,29,32,34 









in s e r t  items 37 and 38, delete item 13
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Table 41
; ’ Transfer Ratios
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i 1 91
D iffe re n tia tio n  o f Transcendental Functions. The Logical HR,and 
HLR are contained in  Figures 58 and 59. Level 1 o f  these hierarch ies is  
occupied predominently by d if fe re n t ia t io n  formulae. These formulae 
were hypothesized to be lo g ic a lly  independent w ith  the s p e c ific  in te n tio n  
o f reviewing these items in l ig h t  o f the empirical re s u lts . A s im ila r 
ta c tic  was taken fo r  the a lgebra ic  function  p re re qu is ite s , items 2, 3, 4,
5, and 6 o f Figure 59. L o g ic a lly , the upper le ve ls  o f th is  u n it appear 
to be in tegra tions o f leve l 1 formulae and techniques o f  d if fe re n t ia t io n  
implied by the D iffe re n tia tio n  o f A lgebraic Functions u n it .  Table 40 
indicates th a t the log ica l analysis was, fo r the most p a rt, supported 
by the data. This tab le  also ind ica tes tha t the em pirica l analysis 
revealed many unhypothesized re la tio n s  among the items o f leve l 1 o f 
Figure 59. To remedy low tra n s fe r to  item 15, items 37n and 38n were 
added--item 13d which confused students and seemed to con tribu te  l i t t l e  
was dropped.
Standard development o f D iffe re n tia tio n  o f Transcendental Functions 
follows substantia l pieces o f the theory o f D iffe re n t ia l and In tegra l 
Calculus re s tr ic te d  to a lgebraic func tions . A b r ie f  review o f the 
[;; important properties o f transcendental functions is  given w ith the
student needing more work re fe rred  to appendices or precalculus te x ts . 
Techniques required fo r  the d if fe re n t ia t io n  o f transcendental functions 
are developed and much work is  done, mostly in  the form o f examples and 
exercises, w ith  app lica tion  o f p rev ious ly  developed theory to  th is  new 
class o f functions. For the purposes o f the present study, analysis o f 
th is  un it was re s tr ic te d  to the d if fe re n t ia t io n  o f an expanded class 
of functions, namely functions which are defined in  terms o f a lgeb ra ic , 
exponential, and trigonom etric  func tions . The s itu a tio n  re fle c te d  by
1.
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the log ica l-em p irica l s tru c tu res . Figures 60, 61, and 62, is  one where 
formulae fo r basic functions are developed on leve ls  1 and 2 w ith  pro­
gression to higher leve ls  requ irin g  more sophisticated app lica tions  o f 
the product, qu o tien t, and chain ru le s ; and no tationa l s o p h is tica tio n .
General Observations
A model has been constructed; the Hierarchy o f Logica l-Em pirica l 
HLS, which is  implied by Figure 9; which, through examination o f texts  
and consultation w ith  experts, represents a substan tia l piece o f the 
D iffe ren tia l Calculus curriculum  and which, through the lo g ica l and 
empirical ana lys is , ou tlined  above, possesses the theo ry-re levan t prop­
erties o f Task Dependency, Completeness, and P ositive  T ransfe r. The value 
of th is  model and i t s  many possible im p lica tions  e x is t on ly in  the mind 
of the experienced calculus teacher or curriculum  developer who has 
studied the model ( in  p a r t ic u la r , the sequence o f h ie ra rch ies fo r  each 
un it) with an understanding o f i t s  th e o re tica l foundations. Only in 
th is  way can the im p lica tions o f th is  model to  the so lu tio n  o f current 
calculus needs and to  fu tu re  innovation in  calculus curricu lum  be re a lize d .
With th is  in  mind a few, but by no means a l l ,  o f  the observations 
made by th is  researcher are discussed presen tly . Some im p lica tions  o f 
th is  model fo r  educational p ractice  are given in  Chapter V. An overrid ing  
property o f th is  model is  the almost universal occurrence o f high tra n s fe r 
ra tio s . This appears to be due to  the fa c t th a t p re requ is ites  derived 
are stated in the form required by th e ir  superrequ is ites. Furthermore, 
the Take-Home Sheets were arranged in  such a way tha t p re requ is ites
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occurred in  an appropria te ( lo g ic a l ly  h ie ra rc h ic a l)  sequence and in  close 
proxim ity to th e ir  respective superrequ is ites . Thus people who were 
able to complete a l l  p re requ is ites had in  mind, when confronted w ith  the 
superrequisite, a lo g ic a l ly  sequenced set o f p re requ is ites  which were 
expressed in usable form. An example which i l lu s t ra te s  th is  s itu a tio n  
can be found in  Figure 33, the Logical HR fo r  the Tangents and Normals 
u n it, by observing the progression through the p re requ is ites  o f  item 7, 
namely items 1-6, to  item 7. When one considers the fa c t th a t a ce rta in  
amount o f fa ilu re  to  tra n s fe r, as is  the case w ith  em pirical d isconform ity  
to the Task Dependency hypothesis, can be a ttr ib u te d  to  carelessness; 
transfer resu lts  observed were outstanding. The few points o f low 
transfer tha t did occur seemed adequately remedied by the in se rtio n  o f 
new items, e .g ., item 15 o f Figure 61, and/or the re v is io n  o f ex is tin g  
items, e .g ., item 33 o f Figure 41. Another s itu a tio n  which e ffec ts  
Positive Transfer and Task Dependency was observed in  the discussion o f 
the Im p lic it D if fe re n tia t io n  u n it ,  where the phenomenon o f "memorization 
of technique" caused high d isconform ity  to  several re la tio n s  as well as 
low transfe r to item 7, see Figure 31. This po in t o f low tra n s fe r was 
not resolved and i t s  occurrence has im p lica tions  to fu tu re  teaching o f 
th is  u n it.
Another in te re s tin g  observation is  th a t th is  model defines s k i l ls  
in two ways: e x p l ic i t ly  by the content o f the "boxes" and im p l ic i t ly  by 
the arrangement o f the "boxes." This la t te r  type is  o f the in te g ra tio n  
varie ty discussed above. The ro le  o f  in te g ra tio n  varies g re a tly . For 
example, in  the Tangents and Normals HLS (see Figure 37), items 3 and 6 
introduce new s k i l ls  while a l l  other items are e ith e r p re re qu is ite  to
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th is  u n it or in teg ra tions  o f p re requ is ites  w ith  these new s k i l ls ;  whereas 
substantial parts o f  the un its  on A lgebraic Functions and Graphing in t r o ­
duce new content and only the uppermost leve ls  o f these un its  are p r im a rily  
concerned w ith the in te g ra tio n  o f lower leve l s k i l ls .
Also worthy o f note is  the varying ro le  o f precalculus s k i l ls  
required by in d iv id u a l u n its . D if fe re n tia t io n  o f A lgebraic Functions, as 
defined in th is  study and usua lly  te s ted , e x p l ic i t ly  requires only a r i t h ­
metic (even though great amounts o f no ta tiona l so p h is tica tio n  are needed) 
and the un its  Computation o f f ' ( x )  Via the D e fin it io n  o f D eriva tive and 
Im p lic it D iffe re n tia tio n  requ ire  small sets o f r e la t iv e ly  e a s ily  reviewed 
precalculus m a te ria l, whereas u n its  concerned w ith  Tangents, Graphing, 
and word problems requ ire  high leve l understanding o f substan tia l amounts 
o f precalculus mathematics. Also im portant are the extensive p re re qu is ite  
hierarchies contained in many Logica l-Em pirica l HLS, which subsume e n tire  
classes o f p re requ is ite  items and the existence o f items w ith  varying sets 
o f p rerequ is ites, e .g ., item 27 o f Figure 41.
An immediate observation about the lo g ic a l-e m p iric a l s tructu res 
for Related Rates and A pp lica tions o f Extrema is  th e ir  physical s im ila r ­
i t y —compare Figures 56 and 57 w ith  Figures 46 and 47. Note th a t each 
depicts two strands o f knowledge: one which develops calcu lus techniques
and, except fo r  the very lowest le v e ls , is  s t r i c t l y  computational and one 
which develops precalculus and problem solv ing s k i l l s .  For example, in  
the Related Rates structu res items 3, 9, 4, 8, 11, 5, 12, and 23 are 
calculus techniques and items 2, 7, 14, 19, 21, 1, 16, 20, 17, and 25 
are the precalculus s k i l l s .  I f  one considers the strand o f ju s t  ca lcu lus 
items fo r th is  u n it ,  a sequence o f  items which involves increas ing ly  more
I
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complex app lica tions o f Im p lic it  D if fe re n t ia t io n , s u b s titu t io n , evaluation, 
and equation solv ing as well as a sequence o f  items o f a more basic nature 
involving instantaneous ra te  o f change are depicted. This is  typ ica l o f 
many o f the calculus hierarch ies which preceed th is  u n it  where progression 
to upper leve ls cons is ts , to a la rge ex ten t, o f the in te g ra tio n  o f lower 
level s k i l ls .  The precalculus items are , however, much less t ig h t ly  k n it .  
This la t te r  s itu a tio n  is  c e r ta in ly  due to  the fa c t th a t many o f the pre­
calculus s k i l ls  which have been derived through task analys is are iso la ted 
items which are expressed in a form appropria te (usable form) fo r  the 
solution o f a p a rt ic u la r  calculus item .
The general high nature o f the tra n s fe r ra t io s .  Tables 35 and 39, 
indicates tha t the transform ation defined on the o r ig in a l sets o f problems 
has contro lled fo r  some o f the setup s k i l ls  required fo r  the so lu tion  o f 
these problems. The ra tio s  also in d ica te  th a t s u f f ic ie n t  as well as 
necessary s k i l ls  have been id e n t if ie d .  These successes seem to  be due 
to the facts th a t p re requ is ites  were e a s ily  re ca lle d , since they occur in 
close proxim ity to  the word problems; and e a s ily  in teg ra ted , since they 
are expressed in  a usable form which is  keyed to  the transformed s ta te  
o f th e ir  respective superrequ is ite  word problems. These re su lts  also 
provide an a lte rn a tiv e  to the standard textbook development o f calculus 
word problems. As mentioned above, th is  development comes mainly in the 
form o f an extensive set o f examples which are designed to  i l lu s t r a te  a 
general technique. The g iv ing  o f examples is  a "top-down" approach since 
i t  s ta rts  with the word problem i t s e l f ,  which is  the superrequ is ite , and 
works its  way down through the p re requ is ites  in  a re la t iv e ly  disorganized 
fashion; disorganized in  the sense th a t p re requ is ites  are presented only 
as they are needed in  the so lu tion  o f  the example. The development o f
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calculus word problems suggested by the re su lts  o f  the present study is  
o f a "bottom-up" v a r ie ty . These models are both th e o re t ic a lly  and 
p ra c tica lly  intended to be studied from the lowest to the uppermost 
le ve l, w ith each leve l re qu irin g  s k i l ls  from lower leve ls  (Task Dependency) 
and w ith lower leve l items fa c i l i t a t in g  the understanding o f higher leve l 
items (P ositive  T ransfe r).
LHT and OT
In general, the present study supports Gagne's basic contention 
that certa in  in te lle c tu a l s k i l ls  can be analyzed in to  h ie ra rch ies o f sub­
ordinate s k i l ls  which possess the theo ry-re levan t p roperties o f Task 
Dependency and P os itive  Transfer. The problem o f applying Learning 
Hierarchy Theory (LHT) to  an extended sequence o f curriculum  has been 
addressed and techniques developed which a llow  th is  type o f app lica tion  
to be done in  a th e o re t ic a lly  rigorous way. The problem o f e m p irica lly  
studying the theory-re levant properties o f the h ie rarch ies also has been 
addressed and solved in  a way which is  compatible w ith  the theory, and 
appealing and appropria te fo r  the study o f a high leve l mathematics 
curriculum.
I t  became obvious in  the e a rly  stages o f th is  research th a t a 
major shortcoming o f LHT, a t le a s t w ith  respect to  i t s  a p p lica tio n  to  an 
extended sequence o f  curricu lum , was the lack o f a th e o re t ic a lly  appro­
pria te way to spec ify  content. S pe c ifica tio n  o f content means the 
derivation o f ob jec tive  statements o f human behaviors which v a lid ly  
represent the subject area. The technique developed, which consists o f 
the id e n tif ic a t io n  o f appropria te te x ts , the c o lle c tio n  o f exercises, the 
analysis o f task , the p a rt it io n in g  in to  leve ls  and then in to  equivalence
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classes, and the generation o f the HLS by the abs trac ting  o f s k i l ls  has 
the fo llow ing p roperties:
(1) Since content is  spec ified  as a set o f  pe rtinen t exercises 
desired outcomes o f the curriculum  are included.
(2) The descrip tion  o f content is  based on the p re requ is ite
re la tio n  which is  the cornerstone o f LHT.
(3) The sp e c ifica tio n  is  complete in  the sense tha t both
term inal s k i l ls  and prerequ is ites are included in  a way 
which depicts th e ir  re la tio n sh ip s .
(4) The technique defines a procedure which should apply to
many c u rr ic u la .
The hierarchies produced are, however, a parting from tra d it io n a l h ie r ­
archy research in the sense th a t a Hierarchy o f Levels o f S k ills  ra the r 
than a Hierarchy o f S k ills  is  produced. A p re re qu is ite  re la tio n  among 
the s k i l ls  is  not e x p l ic i t ly  defined by "arrows" connecting "boxes" but 
rather suggested by the existence o f le v e ls , i . e . ,  the prerequ is ites to 
s k il ls  on one leve l are contained in  the lower le v e ls . Arrows could 
have been assigned based on the idea th a t the a b i l i t y  to do the e n tire  
class o f tasks im plied by one s k i l l  im plies the a b i l i t y  to do the e n tire  
class implied by another. In te s t in g , however, one does not te s t an 
entire class but ra the r ju s t  one o r a few representatives o f th is  c lass . 
Thus, s t r ic t ly  em pirical re su lts  apply d ire c t ly  to  the representatives 
and only in d ire c t ly  to the abs trac t statements ( s k i l l s ) .  In the present 
work, s t r ic t ly  em pirical conclusions have been made on ly about the 
representatives and, w ith in  the framework o f the theory, lo g ica l in fe r ­
ences based on these em pririca l conclusions have been made about the 
s k il ls .
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I t  must be noted tha t the ro le  o f Task Analysis has been somewhat 
revised in th is  study. T ra d it io n a lly ,  Task Analysis o f a s k i l l  begins 
by answering the fo llow ing  question about the s k i l l :  "What would an
individual have to  know how to  do in  order to achieve successful per­
formance on th is  class o f tasks [ s k i l l ] ,  assuming he were given on ly 
instructions?" In the present study. Task Analysis was applied to 
representatives o f classes th a t had not ye t been de fined . Furthermore, 
Task Analysis was achieved by analyzing the so lu tions  o f  problems and 
using th is  analysis to generate p re requ is ites  in  the form o f re la ted  
problems. Only a fte r  Task Analysis had been completed were problem sets 
partitioned in to  leve ls  o f equivalence classes and s k i l ls  defined. In 
other words, s k i l ls  describe equivalence classes o f problems which to  a 
large extent were generated by Task Analys is. Thus, instead o f generating 
s k il ls  and de fin ing  the p re re qu is ite  re la tio n  among these s k i l ls .  Task 
Analysis in the present study on ly generated representa tives.
The technique developed fo r  content s p e c ific a tio n  also solves 
some o f the problems concerning the sp e c ific a tio n  o f  lower leve ls  o f a 
hierarchy and the determ ination o f Entry Behaviors. Task Analysis as 
described above y ie lds  s p e c ific  exercises ra the r than s k i l ls  (descrip tions 
of classes o f exercises). The determ ination o f whether or not a s p e c ific  
exercise is  an Entry Behavior is  much more s tra igh tfo rw ard  than a s im ila r  
determination fo r  a s k i l l .  Once Task Analysis has been completed, the 
lower level s k i l ls  are determined by the p a r t it io n in g  in to  leve ls  o f 
equivalence classes.
As was the case w ith LHT, the ideas and techniques o f Order Theory 
(OT) have been redefined and expanded to a llow  th e ir  app lica tion  to  an
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extended piece o f high leve l mathematics curricu lum . B a s ica lly , OT was 
used as an em pirical aid in  a soph istica ted lo g ica l decision making 
process o f a LHT ana lys is . This use o f OT is  consistent w ith  the 
feeling o f A iras ian and Bart (1975) th a t OT should provide evidence th a t 
is both thoery-confirm ing, i . e . ,  v e r if ie s  hypothesized re la t io n s , and 
theory-generating, i . e . ,  iso la tes  unhypothesized re la t io n s . Standard OT 
techniques were, however, th e o re t ic a lly  incomplete fo r  the fo llow ing  
reasons. F ir s t ,  they ignored the P os itive  Transfer hypothesis which is  
analyzed by employing the Student Response M atrix and the P rerequ is ite  
Matrix—both o f which are re a d ily  ava ila b le  from the data produced by a 
tra d itio n a l OT ana lys is . The Transfer Ratio developed in  th is  study is' 
theory confirm ing, since i t  d ire c t ly  measures tra n s fe r to an item from 
its  p re requ is ites , as well as being theory-genera ting , since i t  leads to 
the inse rtion  o f new items and re la tio n s  to  increase tra n s fe r . With 
regard to the actual se ttin g  o f a minimum Transfer R atio , .60 appears to  
have been a b i t  low. The take-home nature o f the te s tin g  produced a 
s itua tion  where ind iv id ua l item d i f f i c u l t ie s ,  e sp ec ia lly  a t the lower 
and middle le v e ls , were high, i . e . ,  the items were successfu lly  completed 
by many students. The nature o f  the items and the sequence in  which they 
were tested also influenced tra n s fe r . With these fa c ts  in  mind i t  seems 
reasonable to set ra tio s  fo r  fu tu re  studies in  the .70 to .80 range or 
vary the minimum from leve l to leve l so th a t lower leve ls  have s t r ic te r  
standards. Secondly, they f a i l  to  is o la te  unhypothesized re la tio n s  due 
to t r a n s i t iv i t y .  Again, t r a n s i t iv i t y  is  theory-generating since i t  
produces new re la tio n s .
Standard OT techniques were also inadequate fo r  the analysis o f 
certain theory-confirm ing phenomena which occurred in  th is  study. For
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example, the use o f nonzero to lerance leve ls  does appear to con tro l fo r  
measurement e rro r, even though there were several items on which students 
were p a r t ic u la r ly  prone to carelessness and the usual .05 was too low.
White (1973) suggests th a t th is  type o f measurement e rro r should ‘■e 
controlled fo r  by the inc lus ion  o f  more than one item in  the te s t in ^  o f 
each s k i l l .  P ractica l considera tions, however, prevented the use o f 
th is kind o f c o n tro l. A reason fo r  em pirical d isconform ity  to v a lid  
prerequisite re la tio n s  which OT procedures have not addressed is  the 
phenomenon o f learn ing during worksheet completion. Such learn ing was 
prevalent throughout the present study and the occurrence o f lea rn ing  was 
used to ju s t i f y  the acceptance o f hypothesized re la tio n s  o f high discon­
form ity. White (1973) addresses th is  s itu a tio n  in  the discussion o f a 
more rigorous (than Gagne) way to  va lid a te  hypothesized h ie ra rch ies . In 
testing the hypothesis th a t s k i l l  A is  p re re qu is ite  to  s k i l l  B he sta tes 
that both A and B should be tested and, unless inc iden ta l lea rn ing  has 
taken place, no one should possess B w ithout A. He suggests the use o f 
a sequence in  which one would te s t  A then B and then re te s t A in  order to 
control fo r  la te  lea rn ing . Such a sequence does provide some con tro l fo r  
learning but is  not p rac tica l when data is  being gathered on a la rge 
number o f items during a normal course o f in s tru c t io n . Since a v a l id ,  
p rac tica l, em pirical way to  con tro l fo r  lea rn ing was not a va ila b le , 
log ical reanalysis o f student work was used. As a re s u lt o f the experience 
gained in th is  study, however, i t  is  suggested th a t fu tu re  studies consider 
con tro lling  fo r  learn ing by use o f the to lerance le v e l.  In general, a .05 
tolerance such as th a t used in  the present study is  much too low. This 
level o f to lerance was adequate to  contro l fo r  carelessness in some cases, 
but was found to be qu ite  inadequate when la te  lea rn ing  con tribu ted as
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w ell. I t  is  inherent to th is  type o f research th a t learn ing w i l l  occur 
during the te s tin g  o f a lea rn ing  h ierarchy. Indeed, h ie rarch ies w ith  
high degrees o f v a l id i ty  should produce considerable amounts o f le a rn in g . 
Furthermore, since accepted p re re q u is ite  re la tio n s  u lt im a te ly  were used 
to assign s k i l ls  to le v e ls , the requirement o f  extremely low disconform­
ity  is  not needed. I t  seems reasonable then to say th a t v a lid  and useful 
hierarchies can be produced by determining lower le ve l items which w i l l  
"on the average" promote the lea rn ing  o f a higher leve l item . With th is  
in mind, tolerance leve ls  o f  .10 or .15 should be considered fo r  fu tu re  
research fo r  use both in  the v a lid a tio n  o f hypothesized re la tio n s  and in  
the discovery o f new re la tio n s .
An add itiona l shortcoming o f the OT ana lys is as described by 
Airasian and Bart (1975) is  th a t i t s  f in a l product consists o f two h ie r­
archies: a p a r t ia l ly  v a lid ,  lo g ic a l hierarchy and an empirical h ierarchy
which is  to ta l ly  determined by the data. The techniques developed in  the 
present research resolve th is  problem by y ie ld in g  a p re re qu is ite  m atrix  
which has both log ica l and em pirical foundations and an a lgorithm  which 
uses th is  m atrix to produce the hierarchy among a set o f items.
In summary, even though LHT and OT have been found to be qu ite  
rich th e o re tic a lly , several shortcomings were discovered when th e ir  
application to an extended sequence o f high leve l mathematics curricu lum  
was undertaken. The p rin c ip a l c o n tr ib u tio n  o f the present work to  LHT 
is a rigorous method fo r  the s p e c if ic a tio n  o f con ten t, whereas several 
theory-re levant properties o f  OT have been examined, re fin e d , and 
extended.
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IMPLICATIONS
This chapter consists o f a summary o f the present study followed 
by a discussion o f possib le fu tu re  work and im p lica tions  towards educa­
tional p ractice .
Summary
The purpose o f th is  study was to construct an organized s tru c tu re  
of knowledge fo r  a substan tia l piece o f the D iffe re n tia l Calculus c u r r ic ­
ulum and furthermore to  accomplish th is  w ith in  a the o re tica l framework
>
which allows the log ica l judgements o f  experienced calcu lus curriculum  
developers and empirical evidence based on the analysis o f data obtained 
through student tes tin g  to  be combined and applied in  a th e o re tic a lly  
rigorous way. The Learning Hierarchy Theory (LHT) o f  Robert Gagne and 
its  empirical companion the Order Theory (OT) o f  Peter A iras ian  and 
William Bart were employed because LHT uses lo g ic a l (task) analysis by 
experts to generate s truc tu res  o f knowledge (h ie ra rch ies ) and OT uses 
student te s t data to examine hypothesized s truc tu res  fo r possession o f 
the theory-re levant properties o f Task Dependency, Completeness, and 
Positive Transfer. OT also possesses in te re s tin g  mathematical properties 
which make i t s  a p p lica tio n  to a high leve l piece o f mathematics curriculum  
appealing. With th is  purpose and background in  mind, the goal o f th is  
study was to produce and apply a the o re tica l framework based on LHT and 
OT which would y ie ld , through the processes o f lo g ic a l and em pirical
202
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analysis, a s tru c tu re  o f knowledge fo r  (a substan tia l piece o f) D if fe r ­
entia l Calculus.
The f i r s t  step in the achievement o f th is  goal was the d e r iv a tio n , 
in the s p i r i t  o f LHT, o f a method fo r  the s p e c ific a tio n  o f content. This 
method was then applied to  produce a Hierarchy o f Levels o f Equivalence 
Classes (HLEC) fo r  each o f the nine content un its  which comprised 
D iffe re n tia l Calculus. For e&ch u n it ,  the HLEC im plied the Hierarchy 
o f Levels o f S k il ls  (HLS) which was*considered to be the lo g ica l s tru c tu re  
o f knowledge fo r  th a t u n it .
Serious d i f f ic u l t ie s  were encountered, however, in the construc­
tion o f the HLEC fo r  the calcu lus word problem u n its . Furthermore, research 
into calculus word problem so lv ing was found to be very incomplete, even 
though these s k i l ls  are c ru c ia l to  the calculus sequence and tra d it io n a l 
stumbling blocks fo r  calculus students. Comments from a panel o f experts 
also revealed th a t people in  ca lcu lus curriculum  development are b a ffled  
by students' apparent in a b i l i t y  to tra n s fe r from one problem to  a re la ted  
(dual) problem. Review o f some re la ted  work suggested tha t the d i f f ic u l t ie s  
lay in the setup stage o f s o lu tio n . Based on, the work o f Flanders, Polya, 
and Gagne, a theory o f calculus word problem so lv ing  was stated and used 
to devise a transform ation which mapped the o r ig in a l sets o f content items 
fo r these un its  in to  new sets o f item s. This transform ation con tro lle d  
fo r many o f the o r ig in a lly  encountered setup d i f f ic u l t ie s  and perm itted 
meaningful an a lys is . With the word problem d i f f ic u l t ie s  resolved, the 
complete set o f  HLS in  the h ie ra rch ica l arrangement implied by Figure 9 
was considered to be the lo g ica l s tru c tu re  o f knowledge fo r  D iffe re n tia l 
Calculus.
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In order to e m p irica lly  analyze the HLS, the theory o f Equivalence 
Classes was used to produce a re la ted h ie rarchy, the H ierarchy o f Levels 
o f Representatives (HLR), fo r  each u n it .  A sequence o f m atrices and 
hierarchies based on the established techniques o f OT which employed some 
ideas from the theory o f Digraphs was devised and applied to each content 
u n it. Data was obtained by means o f a set o f  nine take-home sheets which 
were administered during a f i r s t  semester ca lcu lus course taught by th is  
researcher a t the U n ive rs ity  o f New Hampshire. The raw data was re fined 
by means o f a standard OT computer package and a Transfer Ratio program. 
The items on the take-home sheets were id e n tic a l to items o f the Logical 
HLR. E ssen tia lly , the em pirical re su lts  were used to p in po in t places 
where the log ica l s truc tu res fa ile d  to meet empirical c r i t e r ia  fo r Task 
Dependency, Completeness, and P os itive  T ransfe r. In each case the p in­
pointed s itu a tio n  was resolved by lo g ica l reanalysis based upon the 
empirical re s u lts , review o f student performance, and the experience o f 
th is  researcher. This procedure produced versions o f the HLR and HLS fo r 
each u n it which, on the basis o f lo g ic a l-e m p ir ic a l ana lys is , possessed 
the desired theory-re levant p roperties . The Hierarchy o f  L og ica l- 
Empirical HLS suggested by Figure 9 is  the p rin c ip a l re s u lt  o f  th is  work 
as i t  applies to the calcu lus curricu lum . In general, the lo g ica l 
analyses were supported by the data, even though the Logical Hierarchies 
fo r each u n it were found to be incomplete, i . e . ,  there were many unhypoth­
esized re la tionsh ips  implied by the data. Transfer Ratios were high fo r 
a ll un its  re f le c t in g , among other th in gs , the design o f items and the 
sequence o f te s tin g . The size o f these ra t io s  was espec ia lly  encouraging 
in the area o f word problems and ind ica ted th a t the s truc tu res  fo r  these 
units contained many o f the desired setup s k i l ls .
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A major co n trib u tio n  o f th is  work to  LHT was the de riva tio n  o f 
a method which answered, a t le a s t fo r  a mathematical task , Gagne's 
concerns about the s p e c ific a tio n  o f con ten t. This method uses as input 
exercises and examples from a standard te x t  and employes Task Analysis, 
the pre requ is ite  re la t io n ,  the theory o f Equivalence Classes, and the 
log ica l judgement o f experts to  produce s truc tu res  (h ie ra rch ies ) o f 
knowledge. In the present study, the s p e c ific a tio n  o f content and the 
production o f h ie rarch ies occurred sim ultaneously. I t  was determined 
that th is  procedure, as well as the basic ideas o f OT, are appropriate 
fo r the analysis o f a high leve l mathematical task . Standard tolerance 
levels were found, however, to  be inadequate in c o n tro llin g  fo r  disconform- 
it ie s  which were consis tent w ith the theory , i . e . ,  d iscon fo rm ities  
resu lting  from learn ing and carelessness. I t  was the re fo re  recommended 
tha t tolerance le ve ls  be set more l ib e r a l ly  and th a t th e ir  ro le  in  fu tu re  
studies be expanded. The revised OT procedure developed in  the present 
study not only va lida tes  hypothesized re la tio n s  and generates new ones but 
also iso la tes and resolves in t r a n s i t iv i t ie s .  Furthermore, i t  reconciles 
differences between s t r i c t l y  lo g ica l and s t r i c t l y  em pirical re su lts  in 
such a way tha t one (ra th e r than two) h ierarchy w ith  lo g ic a l and em pirical 
foundations is  produced.
Future Research
Suggestions fo r  fu tu re  study include fo llow -up stud ies on the 
log ica l-em p irica l s truc tu res generated in  the present work. Testing fo r  
th is  follow-up could be done w ith in  a standard f i r s t  semester calculus
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course. Data obtained by th is  te s tin g  would be analyzed by means o f 
the empirical framework used in  the present study. The re su lts  o f  th is  
reanalysis would provide key in form ation in  two areas. F irs t ,  the 
presence o f la rge numbers o f em pirical d isco n fo rm itie s , new re la t io n s , 
and points o f low tra n s fe r in  d ire c t c o n f l ic t  w ith  the f i r s t  round 
results would seem to imply th a t re su lts  obtained w ith in  th is  framework 
are more a descrip tion  o f a population than a curricu lum . The occurrence 
o f th is  s itu a tio n  would suggest the need fo r  the re v is io n  o f the framework 
i t s e l f .  Secondly, i f  the new re s u lts  are not ra d ic a lly  d if fe re n t from 
the o rig in a l ones, the m od ifica tions to the e x is tin g  lo g ica l-e m p irica l 
structures implied by these re s u lts  should be considered refinements o f 
the o rig in a l s tructu res in  the sense described in  Figure 1. The e ffe c ­
tiveness o f the techniques o f the present study also should be re p lica te d  
by th e ir  app lica tion  to the e n tire  calculus curricu lum , other mathematics 
cu rricu la , and cu rr ic u la  o f o ther d is c ip lin e s . Inform ation gained from 
smaller studies where t ig h te r  con tro l is  possible also would be va luab le .
Solutions were o ffe red  to  a l l  methodological problems confronted 
in the pursu it o f  the goals o f the present study. Some o f the ideas 
developed were, however, esp ec ia lly  c ru c ia l to th is  study or seemed to 
possess q u a litie s  o f po ten tia l value to other areas o f research. One 
o f these ideas was the use o f a lo g ic a l equivalence re la tio n  to  p a r t it io n  
levels o f exercises in to  equivalence classes. The mathematical p roperties 
of equivalence classes were qu ite  useful in  passing to  s tructures which 
resembled tra d it io n a l learn ing h ie rarch ies and perm itted em pirical 
analysis while s t i l l  v a lid ly .re p re se n tin g  content. Mathematically 
speaking, any p a r t it io n  o f a se t induces an equivalence re la tio n  o f  tha t
L
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set. I t  is  reasonable to  ask whether or not the equivalence re la t io n  
used, which a t the very le a s t is  the equivalence re la tio n  induced by a 
p a rt it io n , has the properties lo g ic a l ly  assigned to i t .  The panel o f 
experts seemed comfortable w ith  the re la t io n ,  even though some thought 
that classes could be f in e r ,  and a p i lo t  study re s tr ic te d  to the D if fe r ­
en tia tion  o f Algebraic Functions u n it supported the hypothesized c la s s i­
fic a tio n s . The c la s s if ic a t io n  scheme was the basis fo r  the s p e c ific a tio n  
of content and the content v a l id i t y  o f  the present study and fu tu re  
related studies depend upon a v a lid  scheme. A more complete study o f  the 
present scheme as well as work intended to produce re fined  schemes are 
needed. For example, a more rigorous way to combine the lo g ica l judge­
ments o f experts and the re s u lts  o f student te s tin g  could be explored. 
Also, the problems o f Entry Behaviors and the d e f in it io n  o f s k i l ls  fo r  
certa in prerequis ites were handled by the inc lus ion  o f p re re qu is ite  sub­
hierarchies in to  the Logica l-Em pirica l HLS fo r  many u n its . These sub­
hierarchies were discussed and assumed to e x is t but were not constructed. 
The existence and nature o f subhierarchies which describe bodies o f know­
ledge pre requ is ite  to ca lcu lus content should be o f great in te re s t to 
high school and college curricu lum  developers. Future work designed to 
construct and study these subhierarchies thus would have many app lica tions  
to mathematics c u rr ic u la .
Concern as to  whether or not student lea rn ing  behavior can be 
represented by learn ing h ie rarch ies has been expressed in the l i te ra tu re  
(White, 1973). Questions concerning the existence o f  v a lid  h ie ra rch ies 
can be answered in  the a ff irm a tiv e  only by constructing  h ie rarch ies  w ith 
the hypothesized p rope rties . One problem is  th a t there always w i l l  e x is t
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empirical d isconform ity . Some d isconform ity  is  a tt r ib u ta b le  to  measure­
ment e rro r. Techniques have been developed to  contro l fo r  th is  kind o f 
disconform ity (White, 1973; A irasian & B art, 1975). Another major 
con tribu to r to d isconform ity observed in  the present study was la te  
learn ing. Research is  needed to  study lea rn ing  which occurs during the 
tes ting  o f a h ierarchy so tha t con tro ls  fo r  th is  lea rn ing  such as to lerance 
leve ls or White's technique o f re te s tin g  p re re qu is ite s , discussed above, 
can be developed. In general, the whole area o f acceptable d isconform ity  
must be reexamined, where acceptable d isconform ity  is  d isconform ity  
consistent w ith the theory. The concept o f P os itive  Transfer also should 
be reexamined. T ra d it io n a lly ,  and in  the present study, tra n s fe r ra tio s  
fo r items are computed by determining the percentage o f students who, 
having passed a l l  p re re q u is ite s , also passed the supe rrequ is ite . In 
studies such as the present one where h ie rarch ies o f le ve ls  are being 
generated, ra tio s  which measure the percentage o f students who are able 
to tra n s fe r from a l l  lower leve l s k i l ls  to  a p a rt ic u la r  s k i l l  might be 
more appropria te. Other lin e s  o f fu tu re  research include the re form ula­
tio n  o f the em pirical framework o f the present study in  terms o f the theory 
o f Digraphs and the exp lora tion  o f extensions to the framework im plied by 
Digraph Theory. Work intended to re f in e  the framework so as to  make i t  
more accessible to curriculum  developers should also be undertaken.
In general, the beginnings o f a theory o f ca lcu lus word problem 
solving (discussed in  Chapter I I I )  should be expanded upon. In p a r t ic u la r ,  
more research in to  the nature o f setup s k i l ls  is  needed. Gagne (1967) 
described a way in  which models such as those developed in  the present 
study could be used as contro l in  the design o f experiments to study
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setup s k i l ls .  This method o f  contro l also could be used as pa rt o f the 
experimental design o f stud ies intended to  compare the effectiveness o f 
various modes o f in s tru c tio n  fo r  a calcu lus to p ic .
The ideas and re s u lts  o f the present research suggest many lin es  
o f study in  the area o f diagnosis and remediation o f  calcu lus learn ing 
de fic iencies. Instruments designed to  measure the possession o r non­
possession o f necessary p re re qu is ite  s k i l ls  could be designed and 
administered to students before the calcu lus sequence has begun. Two 
types o f students would be id e n t if ie d  by th is  process: students w ith
minor de fic ienc ies which can be remediated w ithout delaying th e ir  s ta r t  
o f calculus and students w ith  major de fic ie nc ie s  who need s ig n if ic a n t 
work before beginning ca lcu lus . The needed remedial instruments could 
be designed and studied using the re su lts  o f the present study. As 
was disucssed in  Chapter I ,  previous research in to  the remediation o f 
calculus and precalculus de fic ienc ies  has been inconclusive. Remediation 
schemes using the re su lts  o f the present study as formats could be devised. 
The facts tha t p re requ is ites have been lo g ic a l ly  and e m p ir ic a lly  derived, 
are expressed in appropriate form, and can be presented to  the student 
w ith in the context o f a s tru c tu re  which lin k s  p rerequ is ites w ith  each 
other as well as w ith desired calcu lus s k i l ls  might help to  produce 
positive re s u lts .
Educational P ractice
There are two major areas in  which i t  is  hoped th a t the present 
research w i l l  in fluence mathematics education. The f i r s t  is  o f  a more
I.
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d irec t nature and Involves the ap p lica tio n  o f the re su lts  o f the present 
study and fo llow -up studies to the calcu lus and precalculus cu rr icu la  
in p a rticu la r and to curriculum development in  general. The second is  
o f a more in d ire c t nature and is  concerned w ith the ro le  o f educational 
theory in the development o f higher mathematics c u rr ic u la .
With regard to  the f i r s t  category, i t  is  hoped th a t the techniques 
of the present research w i l l  be applied to calcu lus and precalculus 
textbook w r it in g . These app lica tions  w i l l  y ie ld  in form ation inva luable 
to the analysis o f "content" o f exercise sets, the sequencing o f to p ic s , 
and the determ ination and inc lus ion  o f  p re requ is ites . For example, i t  
became apparent to  th is  researcher th a t a u n it on the d if fe re n t ia t io n  o f 
transcendental functions should be included before ra the r than a fte r  the 
study o f app lica tions o f d if fe re n t ia t io n .  A lso, the use o f the re su lts  
from the present and re la ted  studies to design a more e ffe c tiv e  Chapter 
"0" to handle review o f p re requ is ites  seems appropria te . In general, 
the resu lts  should in fluence the determ ination o f content and the sequenc­
ing o f topics in  any calculus curricu lum  development p ro je c t.
As was discussed in  Chapter I ,  v a lid  h ie ra rch ies provide "b lue ­
p rin ts " fo r  the design o f e ffe c tiv e  Formative Evaluation instrum ents. I t  
is therefore hoped th a t the re su lts  o f th is  research w i l l  enable the 
ideas o f Formative Evaluation to  occupy a more prominent place in 
calculus curriculum  development and, in  general, upgrade the ro le  o f 
diagnosis and p re s c rip tio n . Furthermore, i t  is  hoped th a t th is  research 
w ill promote the app lica tio n  o f the ideas o f LHT to  curriculum  development.
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Secondly, and in conclusion, th is  researcher has ca rried  away 
from the present study not on ly a be tte r understanding o f the calcu lus 
curriculum and calculus lea rn ing  but also a sincere fee ling  th a t there 
is a place, in  fa c t a need, fo r  the use o f educational theory in  higher 
mathematics curriculum development. The two areas, one concerned w ith 
the study o f human learn ing and the other w ith  mathematics lea rn ing  are 
not independent. Mathematics curriculum  development is  not a fin ish ed  
product and learning theories have much to  con tribu te  to i t s  evo lu tion . 
These theories can help the curriculum  developer be tte r understand the 
learning ch a rac te ris tics  o f  his students as well as provide methodology 
fo r the analysis o f content. In general, educational theory can provide 
necessary the o re tica l r ig o r  fo r  curriculum  development and i t  is  the 
duty o f the mathematics education researcher to  provide, in  appropriate 
forms, th is  educational theory.
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